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Case 1. Both eigenvalues are real: A1 # A2 # 0
T = [vla ’02]

v1 & vo are the real eigenvectors associated with A1 & A2

Z1 = A\121, Z2 = X222
zl(t) = Zlge’)\lt, ZQ(t) = 2f20t§3)\2it
A2/ A
zZ9 = czl 2/ 1, Cc = 2.’20/(,210)'\2/)\1

The shape of the phase portrait depends on the signs of Ay
and Ao

g0 4>, LgLQMMGo.S)w)

A2 < A1 <0

eMt and e*2t tend to zero as t — oo
ezt tends to zero faster than et

Call X2 the fast eigenvalue (v2 the fast eigenvector) and Ay
the slow eigenvalue (v, the slow eigenvector)

The trajectory tends to the origin along the curve
Z9 = 021\2/)\1 with Ag/Al > 1

d A _
922 _ 22 [0e/A0)-1]
dz1 Al
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Z2

Z4

Stable Node

Ao > A1 >0
Reverse arrowheads
Reverse arrowheads =——> Unstable Node

90 4>, glgetimn &S LS, ]

X2 V2 X9 V2

Vi Vi

X1 X 4

(@) (b)

Stable Node Unstable Node
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A2 <0< A\

eMt — oo, while e*?t — 0ast — oo

Call A, the stable eigenvalue (v2 the stable eigenvector)
and \; the unstable eigenvalue (v, the unstable
eigenvector)

2o = ez} ™M Aa/A1 <0

Saddle

g0 4>, LgLQMMGo.S)w)

SN L
N =

Phase Portrait of a Saddle Point




Case 2. Complex eigenvalues: A1 2 = a + 53

21 = azy — B2, 29 = Bz1 + aza

z
g = \/zf -+ z%, 0 = tan™! (Z—z)
1

r(t) = roe® and 6(t) = 6y + Bt

a<0 = r(t) —0ast — oo
a>0 = 7r(t) —occast — oo

a=0 = rt)=roVt

90 a> ;0 glgedimn &S LS,

zp| @ Z2|  (b) L (©

a <0 a>0 o

Stable Focus Unstable Focus

(5
D=2

., x2/ ) X o . X9
) ) T )

(e T
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Effect of Perturbations
A— A+ JA (A arbitrarily small)

The eigenvalues of a matrix depend continuously on its
parameters

A node (with distinct eigenvalues), a saddle or a focus is
structurally stable because the qualitative behavior remains
the same under arbitrarily small perturbations in A

A stable node with multiple eigenvalues could become a
stable node or a stable focus under arbitrarily small
perturbations in A

g0 4>, LgLQMMGo.S)w)

A center is not structurally stable

E

Eigenvalues = u + 5
n <0 = Stable Focus
pu >0 = Unstable Focus




[ 99 4> 0 Glpotiuw S LS,
X(t) = F(x(1)) b 2f i 0ol o> X(1) = Ax(t) 5

Reqt
Eigenvalues of A | Type of equilibrium point
of the nonlinear system

Ay < A1 <0 Stable Node

A2 > A1 >0 Unstable Node

A2 <0< Ap Saddle
atjf, a<o0 Stable Focus
atjf, a>0 Unstable Focus

+33 Linearization Fails

LY SRu-Tgey

Ply shls &5 cnl 6,551l Vol 0yt 5 s p25
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i ke Sl oy
= 2l Lt O
VZ:\/vf+...+vﬁ —VvTv eodldl s 5 O
Vi, =maval yeees Vn|) o2 g oy O
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X(t) = f(X(1), U(t),t)

X 5 X(t) = F(X(1),1) 90 @ O] yoo 539,9 ly 5

LS)L)".’.LZ. b"-.’.)w

Sl Bkl pgpie 4], oyl 1 8L gyl
0l 2 a8 (o
Vi, Ve>0 35>0: Hx(to )-x(t, )H <5= Hx(t)-x*(t)H <e

given €

b 16
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Jp(ty) > 0: Hx(to )-x"(t, )H <p= anx(t)-x*(t)H )

t—oo

Yo,

cdz 059> |y mile (6 lul cogue (15 1y g
AiygS oo (domain of atrraction) wd> o b

LS)‘J':’.L& U’-.’.)w

RY slas IS Gz 4l 31 tpele (blxe 5yl
o ol sl Jlal () pieen) | m0b il

oS
S5 ads a4 Sl rolx ole glul asY O

Jobe mal> ile g lub LTI sl (lp
el 515 s sl

Sl ewl (b Jlul X(t) = AX(t) i 14mdd
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Sed Gldes Lz SO opgd A0 Gogo RS
- sl 25 0 4y

V(X)=ZZainiX,-

el ioled BB o0 1) (oo fle Ojgo 4 aS

a;; ap

V(X)=X' X = X"AX = (X, AX)

- ‘:. ‘M J? LS‘ odsd.?:.o )Q ‘) V(X) GL’ :56'1)””
5,8 w65 (positive definite) s

sl g ol Jsl 4o o] Sz Slitie 5 V(X)
vX#0, V(X)>0
V(0)=0
o Cuda |y @l cidl 2 & jg0 4 ¥ bys STias g
255 (positive semi definite) .z
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A >0, A,>0, A;>0,
oS 4y il fpme dod Coe Ayl ST A0S

o

[ Lg“’l'l) Sloddo —dgalgf,lv,,J P9 L9,

:olf).a M;
ML, (Cdn L) ;QM" AO},’,g ﬁol.’d.e ﬁLQS O
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) JLeo

V(X)) = 5%+ X5 + X5 —3% Xy +2X, X,

Y Jbw

V(X)) ==3X{ —4X3 —4X7 —2X,X, + 6%, Xs

¥ Jlw
V(X)) =X = X5 +3%; —2X X, +6X,X;

Sebld pgo b9,

a5y ol CldS bl pes S (655 ggeme 0wy
Ll als

w23 LS 1) 398 porie &5 020,500 535l @b e Jls sl sl O
Jobss abadi b g S 8L (ilmo ()l anad
alais BlLb1 55 g Gl S Sl 0 1 (X =0) e
G ogh <8 V(X)) Jul b 81 el cobre Jlaol Jolss
145" 5,9k

AL (e Soa V(X)) O

2l rere AL V(X)) O




Sybld pgo by,
X, ==X, + Xy + X (X +X3) :Jtwo
Xy ==X =Xy + Xy (X{ +%3)
V(X) = x? +x3
V(X)) = 2X, X, + 2%, Xy = =2X{ —2X%5 +2(X] +X3)°

V(X)<0 = xf+x; <1

o FLRIR W g./.ﬁl.i LS’JL) ) ] B ) LS'Q"A A>‘9 °)'.’.“> J.>‘$V(X)
S 039l 1 1) Bl anad oyl i lae 3Ll

Sebld pgo b9,

ool gl il Jlul coinn t@ale (ilxo (55l0ul
od)giﬁ ‘) GA.’L?DO Lg)‘dul.: .'a.:‘).w g_/JL> Lgl.aﬁ LSALQ.’ )O aS

ML’ Al QT Br: 09)LC LY

if ||X]| > then V(X)—>w Radial
unboundedness

2
Sl s bys V(X) = l-l)—(IXZ 2wl )l
1
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ES 3 s 595 KLV (X) 0992 (siie o) aiS o (285
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TS Y FRCHACI ) IR SN J S Shou
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Xy = —2X, — 3%, —2X;

V(X)= %(xl4 +2%7 +X3)

Sbld poo )

.w!,w‘X:(a O)W%GL%JB)QAS‘)%WMW
P s Sl s (59, Wl ) Jg
Xx=0 = x =const. = X,=-2X-2X =k
t
const.

0 = -2x(1+x)=0

= X =kt=0 = Kk
=X =0

ol 00l Hao KT IE a5 09 0 yho By Xy m
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o S o sl Bglbld Al puiles 51 tamgd
s poiosnns (65100

5 &l edgaze 0 s G 1 BgLLY 6l Ll aas

asld 3¢ VABOW! gy w6 ST sl jlaobl e Jo>

VO0)=0 VX)=20 VX)>0

X(t) = AX(t)
il ) OH90 @ 0jlsen Baibld AU o wiens (ol
V(X)=X"AX

V(X)=X"(ATP+PA)X

Cudo 5 Q &b Wb wll e e V(X)) Sl Gy
Q=—(ATP+PA) 1Bl e
Sl aloles




> Sleonns 6 b

oLl Q> 0ol S 514? Sleonw (55l000 b sl
o Cawd & Bgbld dolee 5l )l Pl SO g 0SS (o0
ool Jlabb &gl il 50 5l phes 0 oo PST ]

. -2 1
X:{ }X Q-1,, P:{p” p12:|
-3 -3 P2 P2

03  -0.033 ]
ATP+PA=-1 = P:{ } A

-0.033 01556 cewl sl

> sl gl

X = AX e o Gley 6l YU ]S S5 1auna8

(ol ):) Q)}«a L

‘ B 1
T nin(QPT)
5 Jlse s 3o
4 |3.14 0.73 B
QP = —> A=3.25, 6.75
0.73 6.58
Us(max) = L =(0.308 sec

3.25




