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Welcome to the 4th Seminar on Algebra and its Applications

The 4th Seminar on Algebra and its Applications is organized by the University

of Mohaghegh Ardabili, hosted by the Faculty of Mathematical Sciences. For this

meeting, we are pleased to see that we have 60 registered participants. We have 10

invited speakers and 56 lectures during this meeting.

On behalf of the Organizing Committee, it is a pleasure for us to welcome you

to the 4th Seminar on Algebra and its Applications, in our touristic city, Ardabil.

We hope that presentations from speakers shared during this Congress will enrich

knowledge and help provide a platform to a new collaboration to the participants.

Finally, we wish to each of you having the opportunity to discover, explore and

enjoy our beautiful city, Ardabil.

Ahmad Yousefian Darani Jafar Azami

Chairman of the Organizing Committee Chairman of the Scientific Committee
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4th Seminar on Algebra and its Applications

August 9–11, 2016, University of Mohaghegh Ardabili

ETH-cofinite modules and local cohomology

Moharram Aghapournahr1

Let R be a commutative Noetherian ring, I an ideal of R, M an R-module.
In this Lecture we introduce the class of ETH-cofinite modules with respect
to an ideal. Using this notion we will study cofiniteness problems of various
kinds of local cohomology modules.

AMS subject Classification 2010: Primary 13D45, 13E05; Secondary 14B15.

Keywords: Local cohomology, cofinite modules, ETH-cofinite modules.

1Departement of Mathematics, Faculty of Science, Arak University, Arak, 38156-8-8349,
Iran, m-aghapour@araku.ac.ir
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4th Seminar on Algebra and its Applications

August 9–11, 2016, University of Mohaghegh Ardabili

On rings of continuous functions

Fariborz Azarpanah1

The set of all real valued continuous functions on a Tychonoff space X with
addition and multiplication operations is a ring which is denoted by C(X).
Exceptional properties of C(X) make it a nice unique ring (we observe that
C(X) is a beauty ring and it may be a clean ring). Maximal ideals of C(X)
are completely characterized and the distribution of prime ideals in C(X) is
investigated in the literature. Maximal ideals of C(X) are in one-one cor-
respondence with the points of βX, the Stone-Čech compactification of X.
Every Prime ideal in C(X) is contained in a unique maximal ideal, prime
ideals of C(X) containing a prime ideal form a chain and sum of prime ideals
in C(X) is again a prime ideal. The major objective in C(X) is to study
relations between topological properties of a space X and algebraic properties
of the ring C(X). For study of the relations between X and C(X), ideals play
an important role. In such procedures, those kind of ideals are effective which
are both algebraic and topological objects. In this case, ideals work as bridges
for getting links between X and C(X). Convex and absolutely convex ideals,
z-ideals, z◦-ideals (d-ideals), pure ideals, minimal prime ideals, essential ide-
als, uniform ideals, the socle of C(X) and many other ideals which are defined
by topological tools are examples of such ideals. In this lecture, using these
ideals, we reveal several links between X and C(X). For instance, we obtain
a topological characterization of Goldie dimension of C(X).

1Department of Mathematics, Shahid Chamran University of Ahvaz, Ahvaz, Iran,
azarpanah@ipm.ir
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4th Seminar on Algebra and its Applications

August 9–11, 2016, University of Mohaghegh Ardabili

Recent results on absorbing ideals of commutative
rings

Ayman Badawi1

Let R be a commutative ring with 1 6= 0, I be a proper ideal of R, and let
n ≥ 2. Then I is called an n-absorbing ideal of R if whenever x1 · · ·xn+1 ∈ I
for x1, . . . , xn+1 ∈ R, then there are n of the xi’s whose product is in I. We say
I is an almost n-absorbing ideal of R (or quasi-n-absorbing ideal) if whenever
anb ∈ I for some a, b ∈ I, then an ∈ I or an−1b ∈ I. We say I is an (m,n)-
closed ideal of R if whenever xm ∈ I for some x ∈ I, then xn ∈ I. In this talk,
recent results on absorbing ideals of commutative rings will be discussed.

References

[1] D. F. Anderson and A. Badawi, On n-absorbing ideals of commutative
rings, Comm. Algebra 39(2011), 1646-1672.

[2] A. Badawi, On 2-absorbing ideals of commutative rings, Bull. Austral.
Math. Soc. 75(2007), 417-429.

[3] G. Donadze, The Anderson-Badawi conjecture for commutative algebras
over infinite fields, Indian Journal of Pure and Applied Mathematics, (on
line) 2016.

[4] A. Laradji,On n-absorbing rings and ideals, to appear in Colloquium
Mathematicum.

[5] H. Mostafanasab and A. Y. Darani, On n-Absorbing Ideals and Two Gen-
eralizations of Semiprime Ideals, to appear in Thai Journal of Mathemat-
ics.

[6] P. Nasehpour, On the Anderson-Badawi ωR[X](I[X]) = ωR(I) conjec-
ture, arXiv:1401.0459, (2014).

1American University of Sharjah, Department of Mathematics, UAE, abadawi@aus.edu
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4th Seminar on Algebra and its Applications

August 9–11, 2016, University of Mohaghegh Ardabili

Annihilators and attached primes of local
cohomology modules

Reza Naghipour1

Let R be an arbitrary commutative Noetherian ring (with identity), a an ideal
of R and let M be a finitely generated R-module. An important problem
concerning local cohomology is determining the annihilators of the ith local
cohomology module H i

a(M). This problem has been studied by several au-
thors; see for example [6], [8], [9], [10], [11]. Recently, in [2] Bahmanpour et
al., proved an interesting result about the annihilator AnnR(Hd

m(M)), in the
case (R,m) is a complete local ring of dimension d. We determine the anni-
hilators of the top local cohomology module HdimM

a (M). More precisely, we
shall prove the following theorem which is a generalization of the main result
of [2, Theorem 2.6] for an arbitrary ideal a of an arbitrary Noetherian ring R.

Theorem 1.1. (cf. [1].) Let R be a Noetherian ring and let M be a
finitely generated R-module. Then for any ideal a of R, AnnR(HdimM

a (M)) =
AnnR(M/TR(a,M)), where TR(a,M) denotes the largest submodule of M such
that cd(a, TR(a,M)) < cd(a,M).

Several corollaries of this result are given. A typical result in this direction is
the following, which is a generalization of the main results of [2, Theorem 2.6]
and [7, Theorem 2.4] for an ideal a in an arbitrary Noetherian ring R.

Corollary 1.2. Let R be a Noetherian ring and a an ideal of R. Let M
be a non-zero finitely generated R-module of finite dimension c such that
cd(a,M) = c. Then

(i) AnnR(Hc
a(M)) = AnnR(M/H0

b (M)) = AnnR(M/
⋂

cd(a,R/pj)=c
Nj), where

0 =
⋂n
j=1Nj denotes a reduced primary decomposition of the zero submodule

0 in M and Nj is a pj-primary submodule of M , for all j = 1, . . . , n and
b := Πcd(a,R/pj)6=cpj .

1Department of Mathematics, University of Tabriz, Tabriz, Iran, naghipour@ipm.ir
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(ii) If AssRM ⊆ {p ∈ SuppM | cd(a, R/p) = c}, then AnnR(Hc
a(M)) =

AnnR(M).

(iii) Rad(AnnR(Hc
a(M))) =

⋂
p∈AssRM, cd(a,R/p)=c p =

⋂
p∈AssR(M/TR(a,M)) p.

(iv) V (AnnR(Hc
a(M))) = Supp(M/TR(a,M)).

One of the basic problems concerning local cohomology is finding the set of
attached primes of H i

a(M). We obtain some results about the attached primes
of local cohomology modules. In fact, we derive the following consequence of
Theorem 1.1 and Corollary 1.2, which provides an upper bound for the at-

tached primes of AttRH
cd(a,M)
a (M). This will generalize the main results of

[4] and [3].

Theorem 1.3. Let R be a Noetherian ring and a an ideal of R. Let M be a
finitely generated R-module such that c := cd(a,M) is finite. Then

AttRH
c
a(M) ⊆ {p ∈ SuppM | cd(a, R/p) = c}.

Moreover, if c = dimM , then

AttRH
c
a(M) = {p ∈ mAssRM | cd(a, R/p) = c}.

For an R-module A, a prime ideal p of R is said to be attached prime to A if
p = AnnR(A/B) for some submodule B of A. We denote the set of attached
primes of A by AttRA. This definition agrees with the usual definition of
attached prime if A has a secondary representation.
The second our main result is to give a complete characterization of the at-
tached primes of the local cohomology module HdimR−1

a (R). More precisely,
we shall show the following result, which is an extension, as well as, a correc-
tion of the main theorem of [5].

Theorem 1.4. Let (R,m) be a local (Noetherian) ring of dimension d. Let
a be an ideal of R such that dimR/a = 1 and Hd

a (R) = 0. Then AsshRR ⊆
AttRH

d−1
a (R). Moreover, if R is complete, then

AttRH
d−1
a (R) = {p ∈ SpecR| dimR/p = d−1 and Rad(a+p) = m}∪AsshRR.

One of our tools for proving Theorem 1.4 is the following:

17



Theorem 1.5. Let R be a Noetherian ring of finite dimension d and a an
ideal of R such that Hd

a (R) = 0. Then

AttRH
d−1
a (R) = {p ∈ SpecR| cd(a, R/p) = d− 1}.

For any R-module M , the ith local cohomology module of M with support in
V (a) is defined by

H i
a(M) := lim−→

n≥1

ExtiR(R/an,M).

The cohomological dimension of M with respect to a is defined as

cd(a,M) := sup{i ∈ Z|H i
a(M) 6= 0}.

For each R-module L, we denote by AsshRL (resp. mAssRL) the set {p ∈
AssR L : dimR/p = dimL} (resp. the set of minimal primes of AssR L).

References

[1] A. Atazadeh, M. Sedghi and R. Naghipour, On the annihilators and at-
tached primes of top local cohomology modules, Arch. Math. 102 (2014),
225-236.

[2] K. Bahmanpour, J. A’zami and G. Ghasemi, On the annihilators of local
cohomology modules, J. Algebra, 363 (2012), 8-13.

[3] M.T. Dibaei and S. Yassemi, Attached primes of the top local cohomology
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4th Seminar on Algebra and its Applications

August 9–11, 2016, University of Mohaghegh Ardabili

Valuation Semirings

Peyman Nasehpour1

The main task of this talk is to introduce valuation semirings in general and
discrete valuation semirings in particular. In order to do that, first we de-
fine valuation maps and investigate them. Then we define valuation semirings
with the help of valuation maps and prove that a multiplicatively cancellative
semiring is a valuation semiring iff its ideals are totally ordered by inclusion.
We also prove that if the unique maximal ideal of a valuation semiring is
subtractive, then it is integrally closed. We end this paper by introducing
discrete valuation semirings and show that a semiring is a discrete valuation
semiring iff it is a multiplicatively cancellative principal ideal semiring possess-
ing a nonzero unique maximal ideal. We also prove that a discrete valuation
semiring is a Gaussian semiring iff its unique maximal ideal is subtractive.
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Faithfulness of a class of modules with respect to
the functor Hom (or Tensor) and related topics

M. R. Vedadi1

Abstract

Let R be a ring, α : Mod-R → Mod-Z be a functor and C be a non-
empty class of R-modules. The class C is called α-faithful if α(X) 6= 0
for all 0 6= X.
In this note, we state some recent results related to α-faithfulness for
an arbitrary (certain) class of R-modules where α = HomR(M,−) or
M ⊗R −. We then consider some relevant open questions.

1 Modules with Hom-faithful lattice

- If MR is module such that L(MR) = the set of all submodules of MR, is
HomR(M,−)-faithful then M was called retractable by Khuri (1979). She
use this concept to yielding a lattice isomorphism between certain submodules
of M and right ideals of EndR(M). See also [Haghany-Vedadi (2005), en-
doprime modules.] and [Haghany-Vedadi (2007), study of semi-projective
retractable modules.]

Note: HomZ(Q, X) = 0 for all X < Q.

The retractability is a necessary condition for defining prime and semiprime
modules by Bican.

- Bican (1980): Define the ∗-operation on L(MR) byN∗K = HomR(M,N)K.
Then MR is called prime (semiprime) if N ∗K = 0 (resp. N ∗N = 0) implies
N = 0 or K = 0 (resp. N = 0).
- Lomp (2005): Open problem “ when semiprime modules are subdirect prod-
ucts of primes?”.
- Dehghani-Vedadi (2015): Over many rings including commutative rings,
semiprime modules are subdirect products of primes and the converse is true

1Department of Mathematical Sciences, Isfahan University of Technology, Isfahan, 84156-
83111, IRAN, mrvedadi@cc.iut.ac.ir
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precisely if semiprime modules are enveloping for Mod-R.

Where do retractable modules appear?

- Zelmanowitz (1981): Over a semiprime(reduced) ring, all torsionless mod-
ules are retractable.
- Smith (2005): Over a commutative Noetherian, all projective module are
retractable.
- Haghany-Karamzadeh-Vedadi (2009): Over a commutative ring, all
finitely generated modules are retractable.
- Tolooei-Vedadi (2013): All are module are retractable iff all torsion theo-
ries on R are hereditary. If further, R/J(R) is reduced and J(R) ⊂ Cent(R),
then all R-modules are retractable iff R is a semi-Artinian ring (i.e., every
factor ring of R has a minimal (right) ideal).
This is a generalization of a result due to Ohtake (1981).
- A result similar to the above result are obtained by Abyzov (2012) for duo
rings.

2 Hom-reversible and Hom(Tensor)-faithful mod-
ules

For any module MR the smallest full subcategory of Mod-R generated by M
which is closed under direct sums, factor modules and submodules is denoted
by σ[MR] [14]. A module MR is called:
Hom-faithful (resp. tensor-faithful), if σ[MR] is faithful w.r.t. the functor
HomR(M,−) (resp. M ⊗R −).
Hom-reversible: HomR(X,Y ) = 0⇒ HomR(Y,X) = 0 for all X,Y ∈ σ[MR].

- Hom-reversible ⇒ Hom-faithful.

-Tolooei-Vedadi (2014): RR is Hom-reversible iff R is a right perfect ring.
-Haghany-Tolooei-Vedadi (2015): Let R be a ring Morita equivalent to
commutative ring. Then (a) R is semi-Artinian if and only if all nonzero R-
modules are Hom-faithful.
(b) The following are equivalent.
(1) R is a max ring.
(2) All nonzero R-modules are Tensor-faithful.
(3) ∀ 0 6= N ≤MR, annR(N)M 6= M .
(4) ∀ 0 6= MR, HomR(M/J(M),M) 6= 0.
(5) ∀ 0 6= MR, ∃ N ≤ MR such that R/I has minimal ideal where I =
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annR(M/N).
(6) ∀ 0 6= MR, L(MR) is faithful w.r.t M ⊗R −.

3 Weak generator and T-nilpotence

Definition: An R-module MR is said to be weak-generator (w.g. for short) for
a class C if the class C is faithful w.r.t HomR(M,−). A w.g. for Mod-R is
simply called weak generator.

Smith (2005). All R-modules are w.g. iff R is a semi-Artinian max-ring with
unique simple R-module up to isomorphisms.

For any class C, let F(C) = the collection of proper right ideals E of R such
that the R-module R/E ∈ C. Smith-Vedadi (2006):
- MR is a weak generator for a class C ⇒ the R-module R/A is a weak gener-
ator for C, where A = annR(M).

- For any ideal I of R and any class C of R-modules.
The R-module R/I is a w.g. for C ⇐⇒ For each E ∈ F(C) and each sequence
a1, a2, ... in I there exists n ≥ 1 such that a1a2...an ∈ E.

Definition: A non-empty Y ⊆ R is called left T-nilpotent provided for each
sequence y1, y2, ... in Y there exists n ≥ 1 such that y1y2...yn = 0.
- Let R be a ring Morita equivalent to commutative ring.
(i) A finitely generated R-module M is w.g ⇐⇒ annR(M) is T-nilpotent.
(ii) If R is semiprime Noetherian, then:
an arbitrary nonzero R-module M is w.g ⇐⇒

∑
f :M→R f(M) is an essential

ideal in R.
(iii) Nice Corollary: An ideal I is T-nilpotent iff the ideal I[x] is T-nilpotent
iff the ideal Matn(I) is T-nilpotent (n ≥ 1).

4 some questions

Q1: What are module MR such that Mod-R is faithful w.r.t the functor
M ⊗R −?

Note1: If R is commutative, we know that w.g modules have such property,
due to the isomorphism HomR(M ⊗R X,Y ) ' HomR(M, HomR(X,Y )).
P1: Let C be α-faithful. Find a minimum subclass C′ of C such that the
faithfulness of C is equal to the faithfulness of C′.
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Smith-Vedadi (2006): Let R be a (right) strongly prime ring (i.e. R embeds
in I(m) where I ≤ R), then MR is a w.g for injective R-modules if and only if
HomR(M,E(RR)) 6= 0.

Note2: If N ≤ M and C is faithful w.r.t Hom(M/N,−) (resp. (M/N)⊗R −)
then C is faithful w.r.t Hom(M,−) (resp. M ⊗R −).

We say that a class C is critical faithful w.r.t Hom(M,−) (resp. M ⊗R −) if
C is faithful w.r.t the functor but it is not faithful when M is replaced with a
proper factor M/N .

Q2: For a given class C, characterize modules M such that C is critical faithful
w.r.t Hom(M,−) (resp. M ⊗R −).
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Koszul modules over short graded Gorenstein rings

Roger Wiegand1

Let k be a field and R a short, standard graded Gorenstein k-algebra. (“Short”
means that R = k ⊕R1 ⊕R2.) When the embedding dimension e := dimk R1

is three or more, R has wild representation type, but one can learn a lot
about module structure by studying the semigroup of Betti tables of Koszul
modules. (These are the modules that are generated in degree zero and have
linear resolutions.) In this talk I will describe this semigroup explicitly and say
a little about its structure. In particular, we will identify the indecomposable
elements as the Betti tables of cosyzygies of ideals generated by linear forms.
This semigroup is far from being factorial, that is, an element can have many
decompositions as a sum of indecomposables. This is joint work with Courtney
Gibbons and Luchezar Avramov.
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Building examples using power series over
Noetherian rings

Sylvia Wiegand
(Joint work with William Heinzer and Christel Rotthaus)1

In ongoing work with William Heinzer and Christel Rotthaus over the past
twenty years we have been applying a construction technique for obtaining
sometimes baffling, sometimes badly behaved, sometimes Noetherian, some-
times non-Noetherian integral domains. This technique of intersecting fields
with power series rings goes back to Akizuki-Schmidt in the 1930s and Nagata
in the 1950s, and since then has also been employed by Nishimuri, Heitmann,
Ogoma, the authors and others.
We are writing a book about our procedures and examples. We present some
of the theory and techniques we use, and mention some examples. In partic-
ular we may mention some famous classical examples and show how they are
streamlined with this technique or give an example that is “almost Noethe-
rian” in that exactly one prime ideal is not finitely generated.

1Department of Mathematics, University of Nebraska, Lincoln, NE 68588-0130, swie-
gand1@unl.edu
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Representation Theory of Algebras:

An Introduction with Perspectives

Siamak Yassemi1

The idea of representing “complicated” or “non-linear” mathematical struc-
tures in terms of “simple” or “linear” mathematical structures is prevalent in
mathematics and appears usually in two forms: representation theorems and
representation theories. “Representation theorems” refer to theorems (from
various branches of mathematics) whose common idea is to provide “concrete”
or “simple” representations of certain mathematical structures. Some classi-
cal examples are Cayley’s Theorem in group theory, Stone’s Representation
Theorem for Boolean algebras, Riesz’s Representation Theorem in functional
analysis, and Yoneda Embedding Theorem in category theory. On the other
hand, “representation theories” refer to theories which study mathematical
structures via their representations. Three main classical examples of such
theories are representation theory of finite groups, representation theory of Lie
groups and Lie algebras, and representation theory of (associative) algebras.
This last item is the subject matter of this talk.
Representation theory of algebras has originated in Emmy Noether’s attempts
in the late 1920s to unify representation theory of finite groups and structure
theory of algebras via the notion of a module over an algebra. It is because of
Noether’s “module-theoretic” approach that representation theory of algebras
is usually considered as studying modules over algebras. This approach, which
is quite dominant and natural today, opened the possibility of interaction be-
tween representation theory of algebras and various branches of mathematics.
It also paved the way for employing a variety of tools and techniques (homo-
logical, categorical, combinatorial, geometric, etc) from other mathematical
disciplines to study representation theory of algebras.
In this talk, after a brief review of the origins and history of representation
theory of algebras, we discuss some applications of triangulated categories to
representation theory of algebras.

1School of Mathematics, Statistics and Computer Science, University of Tehran,
P. O. Box 14155-6455, Tehran, Iran. Email: yassemi@ut.ac.ir
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Some characterizations of CMt squarefree
lexsegment ideals

Rahim Zaare-Nahandi
(Joint work with Hassan Haghighi and Siamak Yassemi)1

Let R = k[x1, · · · , xn] be the ring of polynomials in n variables over a field k.
Let Md be the set of all squarefree monomials of degree d in R. Consider the
lexicographic ordering of monomials in R induced by the order x1 > x2 > · · · >
xn. A squarefree lexsegment monomial ideal in degree d is the ideal generated
by a lexsegment L(u, v) = {w ∈ Md : u ≥ w ≥ v} for some u, v ∈ Md with
u ≥ v.
Let ∆ be a simplicial complex on [n] = {1, · · · , n}. Let t be an integer 0 ≤
t ≤ dim(∆) − 1. Then ∆ is called CMt over k if ∆ is pure and link∆(F ) is
Cohen-Macaulay over k for all F ∈ ∆ with #F ≥ t. A squarefree monomial
ideal is called CMt if the associated simplicial complex is CMt. It is known
that CM0 is the same as Cohen-Macaulay-ness and CM1 is identical with the
Buchsbaum property. It is also clear that for any j ≥ i, CMi implies CMj .
In this talk, we first provide some modifications of the results of Bonanzinga,
Sorrenti and Terai in [1] on characterization of Cohen-Macaulay and Buchs-
baum equarefree lexsegment ideals. Then, we characterize CMt squarefree
lexsegment ideals. Our characterizations are mostly in terms of purity and
connectedness of certain associated simplicial complexes. In particular, it
turns out that for squarefree lexsegment ideals generated in degree 2, the
Cohen-Macaulay property is equivalent to purity and connectedness of the
simplicial complex, and the Buchsbaum property is equivalent to purity of
the simplicial complex. For squarefree lexsegment ideals generated in degree
d ≥ 3, any CMt squarefree lexsegment ideal is indeed Cohen-Macaulay.
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Infinite family of finite 2-groups G with every
automorphism fixing G/Φ(G) elementwise

Hossein Abdolzadeh1 Reza Sabzchi2

Abstract

The family G(m,n) = 〈x, y|x2 = (xy2)2 = 1, y2m

= (xy)2n〉 of finite
2-groups will be introduced. G(m,n) has order 2m+n+1, nilpotency class
1 + max{m,n} and every automorphism of G = G(m,n) fixes G/Φ(G)
elementwise.

Keywords: finite 2-group, automorphism group, Frattini subgroup.
Classification: 20F05

1 Introduction

Presentation of a group is introducing the group by a set of generators and
a sufficient set of relations between generators, that is as a factor group of a
free group. For a group G it is denoted by G = 〈X|R〉 in which X is the set
of its generators and R is the set of relations. Such an expression of a group
provides a short description of its associated group. Presentations arise from
geometrical and topological vision of groups and is a central topic in group
theory (see [7]). A group may has many presentations. A presentation 〈X|R〉
for G is said to be finite if X and R are both finite sets. A group is called
finitely presented, if it has a finite presentation. A finite presentation 〈X|R〉
of a group G is called efficient if the set X is a minimal generating set of G
and for any other presentation 〈X|S〉 for G, we have |S| ≥ |R|.
In this paper we construct an infinite family of finite 2-groups G with Aut(G)
a 2-group and all automorphisms of G fixes G/Φ(G) elementwise.
Let G be a group. By Z,G′,Φ, Aut(G) and Inn(G), we denote the center, the
commutator subgroup, the frattini subgroup, the group of all automorphisms
and the group of all inner automorphisms ofG, respectively. LetN be a normal
subgroup of G. By AutN (G) we mean the subgroup of Aut(G) consisting of all

1Department of Mathematics and Applications, Faculty of Mathematical Sciences, Uni-
versity of Mohaghegh Ardabili, P. O. Box 56199-11367 Ardabil, Iran. narmin.hsn@gmail.com

2Department of Mathematics and Applications, Faculty of Mathematical Sciences, Uni-
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automorphisms which centralize G/N , that is AutN (G) = {α ∈ Aut(G)|∀g ∈
G; (g−1α(g) ∈ N)}. Clearly AutN (G) � Aut(G). An automorphism α of G is
called central if α ∈ AutZ(G). Let m(≥ 2), n be positive integers and let

G(m,n) = 〈x, y|x2 = (xy2)2 = 1, y2m = (xy)2n〉,

our main result is the following theorem.

Theorem 1. Let G := G(m,n), m′ = min{m,n} and n′ = max{m,n}. Then
the following statements hold

1. |G| = 2m+n+1,

2. Z and G′ are of orders 2 and 2m+n−2, respectively,

3. Φ(G) ∼= Z2m′−1 × Z2n′ ,

4. G is of nilpotency class 1 + n′,

5. Every automorphism of G fixes G/Φ(G) elementwise,

6. |Aut(G)| = |AutΦ(G)| = 22(m+n−1) and |AutG′(G)| = 22(m+n−2),

7. The Schur multiplicator M(G) of G is non trivial and hence the presen-
tation of G is efficient.

2 Preliminaries

The following results complete the proof of main theorem.

Corollary 1. Every element of G := G(m,n) could be uniquely written in the
form (xy)iyj, where 0 ≤ i ≤ 2n − 1, 0 ≤ j ≤ 2m+1 − 1.

Theorem 2. Let G := G(m,n), m′ = min{m,n} and n′ = max{m,n}, then

1. G is of order 2m+n+1 and Φ(G) ∼= Z2m′−1 × Z2n′ .

2. G′ and Z is of order 2m+n−2 and 2, respectively.

Theorem 3. With the above notations, the nilpotency class of G is 1 +
max{m,n}.

Lemma 1. The orders of elements of cosets Φx,Φy and Φxy are 2, 2m+1 and
2n+1, respectively.
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Lemma 2. Let G := G(m,n) and a, b ∈ Φ. Define α : {x, y} −→ G by the
mapping α(x) = ax and α(y) = by, then α extends to an automorphism of G.

Corollary 2. Let G := G(m,n). Then a map α : G −→ G is an automorphism
if and only if there exist a, b ∈ Φ such that α(x) = ax and α(y) = by.

Corollary 3. Let G := G(m,n). Then all automorphisms of G fix G/Φ ele-
mentwise and the order of Aut(G) is 22(m+n−1).

Lemma 3. Suppose that N is a normal subgroup of a finite group G. If
M(G) = 1, then M(G/N) ∼= (G′ ∩N)/[G,N ].

Theorem 4. Let G := G(m,n), then M(G) 6= 1.
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Pure ideals, z-ideals and ideals with Artin-Rees
property in C(X)

Susan Afrooz1

Abstract

An ideal I in a commutative ring R is said to be pure if for each a ∈ I
there exists b ∈ I such that a = ab or equivalently, for each ideal J in
R, the equality I ∩ J = IJ holds. I is called a z-ideal if for each a ∈ I,
we have Ma ⊆ I, where Ma is the intersection of all maximal ideals in R
containing a. Whenever for every ideal J in R, there exists n ∈ N such
that Jn ∩ I ⊆ JI, then we say that I has Artin-Rees property. It is clear
that every pure ideal in C(X) has Artin-Rees propertyis. Pure ideals are
also z-ideals and a z-ideal in C(X) is pure if and only if it has Artin-Rees
property. In this note, we characterize spaces X for which every z-ideal
of C(X) has Artin-Rees property. We also observe that every z-ideal of
C(X) is pure if and only if X is a P -space (a space in which every Gδ-set
is open). Regarding these ideals, some questions are given.

1 Introduction

We denote by C(X) (C∗(X)) the ring of (bounded) real-valued, continuous
functions on a completely regular Hausdorff space X. Whenever C(X) =
C∗(X), then X is called pseudocompact. βX is the Stone-C̆ech compactifica-
tion of X and for any p ∈ βX, the maximal ideal Mp (resp., the ideal Op) is
the set of all f ∈ C(X) for which p ∈ clβXZ(f) (resp., p ∈ intβXclβXZ(f)).
More generally, for A ⊆ βX, MA (resp. OA) is the intersection of all Mp (resp.
Op) with p ∈ A. For each f ∈ C(X), the zero-set Z(f) is the set of zeros of f
and X \Z(f) is the cozero-set of f . An ideal I in C(X) (C∗(X)) is called fixed
if
⋂
Z[I] =

⋂
f∈I Z(f) 6= ∅, else is free. The set of all fixed maximal ideals of

C(X) is exactly the set {Mx : x ∈ X}, where Mx = {f ∈ C(X) : f(x) = 0}. It
is easy to see that for each f ∈ C(X), Mf = {g ∈ C(X) : Z(f) ⊆ Z(g)}. This
implies that an ideal I in C(X) is a z-ideal if and only if f ∈ I, g ∈ C(X) and
Z(f) ⊆ Z(g) imply that g ∈ I. Using this topological definition, MA and OA,
for each subset A of βX are z-ideals and in particular, every maximal ideal

1Khoramshahr Marine Sciences and Technology University, Khoramshahr, Iran.
safrooz@kmsu.ac.ir
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and each Op for p ∈ βX is a z-ideal. Since every intersection of z-ideals is a
z-ideal, for each f ∈ C(X), Mf is also a z-ideal. Moreover if I is a z-ideal in
C(X) and fn ∈ I for some n ∈ N, then Z(fn) = Z(f) implies that f ∈ I, i.e.,
every z-ideal in C(X) is semiprime. It is well known that every pure ideal in
C(X) is of the form OA for some A ⊆ βX, see [5], [6] and [7], so every pure
ideal is a z-ideal. Now it is natural to ask when is every z-ideal in C(X) a pure
ideal? By definition, it is clear that every pure ideal has Artin-Rees property,
but what about the converse? We answer these questions in the next section.
Note that if I is a z-ideal, then In = I, for each n ∈ N, hence every z-ideal
with Artin-rees property is pure.

2 Results

Whenever I and J are z-ideals in C(X), then I ∩ J = IJ . In fact if f ∈ I ∩ J ,

then Z(f
1
3 ) = Z(f

2
3 ) = Z(f) implies that f

1
3 ∈ I and f

2
3 ∈ J for, I and J

are z-ideals. Hence f = f
1
3 f

2
3 ∈ IJ . This means that whenever every ideal of

C(X) is a z-ideal, then every ideal of C(X) is pure. the following Proposition
states that if every z-ideal of C(X) is pure, then all ideals of C(X) are pure.
we recall hat a space X is a P -space if every Gδ-set or equivalently, every
zero-set in X is open. It is well known that X is a P -space if and only if every
ideal of C(X) is a z-ideal, see 4J in [9].

Proposition 1. The following statements are equivalent.

1. Every z-ideal of C(X) is pure.

2. X is a P -space.

3. Every ideal of C(X) is pure.

Proof. If every z-ideal of C(X) is pure, then for each f ∈ C(X), the z-ideal
Mf is a pure ideal. Since f ∈ Mf , there exists g ∈ Mf such that f = gf
or f(1 − g) = 0. Since g ∈ Mf , we have Z(f) ⊆ Z(g) and this means that
if x ∈ X and f(x) = 0, then (1 − g)(x) 6= 0, i.e., Z(f) ∩ Z(1 − g) = ∅. On
the other hand f(1 − g) = 0 implies that Z(f) ∪ Z(1 − g) = X. Therefore
Z(f) = X \ Z(1− g), i.e., Z(f) is open, so X is a P -space. Whenever X is a
P -space, then every ideal of C(X) is a z-ideal. But we have already observed,
by the argument preceding the proposition, that every ideal of C(X) is pure.
Finally, if every ideal of C(X) is pure, then clearly every z-ideal of C(X) is
pure and we are done.
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As we already mensioned, every z-ideal with Artin-Rees property is pure. The
following corollary is now an immediate consequence of this latter fact and
Proposition 1.

Corollary 2. Every z-ideal of C(X) has Artin-Rees property if and only if
X is a P -space.

By 4J in [9], every ideal in C(X) is a z-ideal if and only if X is a P -space and
using Proposition 1, every ideal in C(X) is pure if and only if X is a P -space.
By the following corollary, we have the same topological characterization, in
case every ideal in C(X) has Artin-Rees property.

Corollary 3. Every ideal of C(X) has Artin-Rees property if and only if X
is a P -space.

Proof. If every ideal of C(X) has Artin-Rees property, then every z-ideal of
C(X) has also this property and by Corollary 1, X is a P -space. Whenever
X is a P -space, then by Proposition 1, every ideal of C(X) is pure and hence
every ideal of C(X) has Artin-Rees property.

Concerning the ideals of the title, it remains the following questions:

3 Questions

1. When is every ideal in C(X) with Artin-Rees property a z-ideal?

2. When is every ideal in C(X) with Artin-Rees property a pure ideal?

An ideal I in a ring R is said to be z◦-ideal if for each a ∈ I, we have Pa ⊆ I,
where Pa is the intersection of all minimal prime ideals of R containing a. It is
well known that for each f ∈ C(X), Pf = {g ∈ C(X) : intXZ(f) ⊆ intXZ(g)}.
Using the definition of a z◦-ideal, it is clear that every element of a z◦-ideal
is a zero divisor. Every z◦-ideal in C(X) is a z-ideal but not conversely. For
more information about the z◦-ideals in reduced rings and C(X), see [1], [2],
[3], [4] and [8]. Now the following question is also natural.

Question. When is every ideal in C(X) with Artin-Rees property a z◦-ideal?

It is known that the sum of z-ideals in C(X) is a z-ideal and the sum pure
ideals is also pure, see [9], [10] and [7]. In the following result, we give a proof
for the purity of the sum of two pure ideals.

Proposition 1. The sum of every two pure ideals is pure.
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Proof. Let I and J be two pure ideals. Suppose that f ∈ I+J , hence f = i+j
for some i ∈ I and j ∈ J . Since I and J are pure, i = ig and j = jh for some
g ∈ I and h ∈ J . Now f = i+j = gi+hj implies that fgh = ih+jg and hence
f(g + h) = (i+ j)(g + h) = i+ j + ih+ gj = f + fgh. So f = f(g + h− gh),
where g + h− gh ∈ I + J , i.e., I + J is pure.

We conclude this article by the following question.

Question. Let I and J be two ideals in C(X) with Artin-Rees property. Is
I + J an ideal with Artin-Rees property?
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Abstract

In this paper, we initiate the study of algebraic hyperstructures of
soft sets. The concepts of weak soft polygroups and normal weak soft
polygroups are introduced, and some related properties are investigated.

1 Introduction

Uncertainties, which could be caused by information incompleteness, random-
ness, limitations of measuring instruments, etc., are pervasive in many com-
plicated problems in engineering, economics, environment science, medical
science and social science [3]. Several theories like probability theory, fuzzy
set theory, vague set theory, rough set theory and interval mathematics, can
be considered as mathematical tools for modeling uncertainties. However, as
pointed out by Molodtsov in [4], he demonstrated that soft set theory has
potential applications in many directions, including function smoothness, Rie-
mann integration, Perron integration, probability theory, measurement theory,
game theory and operations research [4, 5].

2 Preliminaries

In this section, we review some notions and results concerning polygroups and
Hypergroups [1].
A polygroup is a system ℘ =< P, ·, e,−1 >, where e ∈ P, −1 is a unitary
operation on P , · maps P × P into the non-empty subsets of P , and the
following axioms hold for all x, y, z in P :

(P1) (x · y) · z = x · (y · z), (associative law)

(P2) e · x = x · e = x,

(P3) x ∈ y · z implies y ∈ x · z−1 and z ∈ y−1 · x.
1h aghabozorgi1@yahoo.com, minagholami11@gmial.com
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< P, ·, e,−1 > is called weak polygroup if replace associative law to weak
associative law, i.e. for all x, y, z in P we have: (x · y) · z ∩ x · (y · z) 6= ∅.
The following elementary facts about polygroups follow easily from the axioms:
e ∈ x · x−1 ∩ x−1 · x, e−1 = e, (x−1)−1 = x, and (x · y)−1 = y−1 · x−1, where
A−1 = {a−1| a ∈ A}. A nonempty subset K of a polygroup 〈P, ·, e,−1〉 is a
subpolygroup of P if x, y ∈ K implies x · y ∈ K and x ∈ K implies x−1 ∈ K.
A subpolygroup N of a polygroup 〈P, ·, e,−1〉 is normal in P if x−1 ·N ·x ⊆ N ,
for all x ∈ P.

3 Soft sets

In this section, we review some notions concerning soft sets [2]. Let U be an
initial universe set and E be a set of parameters. P (U) denotes the power set
of U and A ⊆ E.

Definition 1. ([2]) A pair (F,A) is called a soft set over U , where F is a
mapping given by F : A −→ P (U).

In fact, a soft set over U is a parameterized family of subsets of the universe
U . For ε ∈ A, F (ε) may be considered as the set of ε-approximate elements
of the soft set (F,A).

Definition 2. ([2]). For two soft sets (F,A) and (G,B) over U , we say that
(F,A) is a soft subset of (G,B), denoted by (F,A) ⊆ (G,B), if A ⊆ B and
for all ε ∈ A,F (ε) and G(ε) are identical approximations.

Two soft sets (F,A) and (G,B) over U are called soft equal if (F,A) ⊆ (G,B)
and (G,B) ⊆ (F,A).

Definition 3. ([2]). The intersection of two soft sets (F,A) and (G,B) over
U such that A ∩ B 6= ∅ is the soft set (H,C) where C = A ∩ B and ∀ε ∈ C,
H(ε) = F (ε) or G(ε) (as they are the same set). We denote the relationship
by (F,A) ∩ (G,B) = (H,C).

However, the intersection of two soft sets may only be a partial operation. If
(F,A) and (G,B) are two different soft sets, for a particular common parame-
ter, say c ∈ A∩B,F (c) 6= G(c) in general. Therefore, Ali et al. [20] introduced
the following new definitions of intersections.

Definition 4. ([2]). The extended intersection of two soft sets (F,A) and
(G,B) over U is the soft set (H,C) where C = A ∪B and ∀ε ∈ C,

H(ε) =


F (ε), if ε ∈ A�B
G(ε), if ε ∈ B�A

F (ε) ∩G(ε), if ε ∈ A ∩B
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We write (F,A) ∩E (G,B) = (H,C).

Definition 5. ([2]). The restricted intersection of two soft sets (F,A) and
(G,B) over U such that A∩B 6= ∅ is the soft set (H,C) where C = A∩B and
∀ε ∈ C, H(ε) = F (ε)∩G(ε). The relationship is denoted by (F,A)∩R(G,B) =
(H,C).

Definition 6. ([2]). The union of two soft sets (F,A) and (G,B) over U is
the soft set (H,C) where C = A ∪B and ∀ε ∈ C,

H(ε) =


F (ε), if ε ∈ A�B
G(ε), if ε ∈ B�A

F (ε) ∪G(ε), if ε ∈ A ∩B
We write (F,A) ∪ (G,B) = (H,C).
Let (F,A) be a soft set. the set Supp(F,A) = {x ∈ A | F (x) 6= ∅} is called the
support of the soft set (F,A). A soft set (F,A) is non-null if Supp(F,A) 6= ∅,

4 weak soft polygroups

Let P be a weak polygroup and A be a non-empty set of P . Let set-valued
function F : A −→ P (P ), then the pair (F,A) is a soft set over P .

Definition 7. Let (F,A) be a non-null soft set over weak polygroup P . Then
(F,A) is called a (normal) weak soft polygroup over P if F (x) is a (normal)
weak subpolygroup of P for all x ∈ Supp(F,A).

For Example, let P = {e, a, b, c} be a set with a hyperoperation ◦ as follows:

· e a b c

e e a b c
a a e c b
b b c e {a, b}
c c b {a, b} {e, c}

Let A = P and F (e) = F (a) = {e, b, c}, F (b) = F (c) = {e, a}. we know they
are weak subpolygroups of P . Hence (F,A) is a weak soft polygroup over P .
also let A′ = P and F ′(a) = F ′(b) = {e, c}, F ′(c) = F ′(e) = {e, a, b, c} It is
easy too see that they are normal weak subpolygroups of P . Thus (F ′, A′) is
a normal weak soft polygroup over P.

Definition 8. Let (F,A) is a weak soft polygroup over P . Then (F,A) is called
an identity(absolute) weak soft polygroup over P if F (x) = {e}(F (x) = P ) for
all x ∈ A, where e is identity element of P .
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Theorem 1. Let (F,A) and (G,B) be two (normal)weak subpolygroups over
P . Then (F,A)∩E (G,B) and if A∩B 6= ∅, (F,A)∩R (G,B) are (normal)weak
soft polygroups over P if it is non-null.

Theorem 2. Let (F,A) and (G,B) be two (normal)weak soft subpolygroups
over P . If A ∩B = ∅, then (F,A) ∪ (G,B) is too.

Definition 9. ([1]) Let 〈P1, ·1, e1,
−1 〉 and 〈P2, ·2, e2,

−1 〉 be polygroups. A
mapping f from P1 into P2 is said to be a strong homomorphism if for all
a, b ∈ P1, f(e1) = e2 and f(a ·1 b) = f(a) ·2 f(b).

A strong homomorphism f is called an isomorphism if f is a bijective mapping.
If f is a strong homomorphism from P1 into P2, then the kernel of f is the
set kerf = {x ∈ P1|f(x) = e2}. kerf is a subpolygroup of P1 but in general
is not normalin P1.

Theorem 3. Let P1 and P2 be two polygroups, and f : P1 −→ P2 be a strong
homomorphism. If (F,A) is a weak soft over P1, then (F (f), A) is a weak soft
polygroup over P2. Moreover, if f is onto and (F,A) is a normal weak soft
polygroup over P1, then (F (f), A) is a normal weak sof polygroup over P2.

Theorem 4. Let P1 and P2 be two polygroups, and f : P1 −→ P2 be a strong
homomorphism. If (F,A) is a weak soft over P1.

(1) If F (x) = kerf for all x ∈ A, then (F (f), A) is an identity weak soft
polygroup over P2.

(2) If f is onto and (F,A) is an absolute weak soft polygroup over P1, then
(F (f), A) is an absolute weak soft polygroup over P2.
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Abstract

Let R be a commutative Noetherian ring, I an ideal of R, M an R-
module (not necessary I-torsion) and K a finitely generated R-module
with SuppR(K) ⊆ V(I). It is shown that if ExtiR(R/I,M) is finitely
generated, for all i ≥ 0 and dimM ≤ 1, then the R-module ExtnR(M,K)
is finitely generated, for all n ≥ 0. As an application to local cohomology,
let Φ be a system of ideals of R and I ∈ Φ, if dimM/aM ≤ 1 (e.g.,
dimR/a ≤ 1) for all a ∈ Φ, then the R-modules ExtjR(Hi

Φ(M),K) are
finitely generated, for all i ≥ 0 and j ≥ 0.

AMS subject Classification 2010: Primary 13D45, 13E05; Secondary 14B15.

Keywords: Local cohomology, cofinite modules, extention functors.

1 Introduction and preliminaries

Throughout this paper R is a commutative Noetherian ring with non-zero
identity and I and J two ideals of R. For an R-module M , the ith local
cohomology module M with respect to ideal I is defined as

Hi
I(M) ∼= lim−→

n

ExtiR(R/In,M).

Hartshorne in [8] defined a module M to be I–cofinite if SuppR(M) ⊆ V(I)
and ExtiR(R/I,M) is finitely generated for all i ≥ 0. and asked the following
question:

Question 1.1. Let M be a finite R–module and I be an ideal of R. When
are Hi

I(M) I–cofinite for all i ≥ 0?

This question was studied by several authors in [8, 9, 12, 2].

The study of cofinite modules arises the following natural question:

1Departement of Mathematics, Faculty of Science, Arak University, Arak, 38156-8-8349,
Iran, m-aghapour@araku.ac.ir
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Question 1.2. Let I be an ideal of a Noetherian ring R and M an R-
module. When are the R-modules ExtnR(M,R/I) finitely generated for all in-
tegers n ≥ 0.

Irani and Bahmanpour proved that when M is I-cofinite and dimM ≤ 1, then
for any finitely generated R-module K with SuppR(K) ⊆ V(I), instead of R/I,
the R-modules ExtnR(M,K) are finitely generated for all integers n ≥ 0. Here
we will prove that the same answer is true without I-torsion condition on M .
There is in [3], a generalization of ordinary local cohomology modules defined
by Bijan-Zadeh. Let Φ be a non-empty set of ideals of R. We call Φ a system
of ideals of R if, whenever I1, I2 ∈ Φ, then there is an ideal J ∈ Φ such that
J ⊆ I1I2. For such a system, for every R-module M , one can define

GΦ(M) = { x ∈M | Ix = 0 for some I ∈ Φ}.

Then GΦ(−) is a functor from C (R) to itself (where C (R) denotes the category
of all R-modules and all R-homomorphisms). The functor ΓΦ(−) is additive,
covariant, R-linear and left exact. In [4], GΦ(−) is denoted by LΦ(−) and is
called the ”general local cohomology functor with respect to Φ”. For each
i ≥ 0, the i-th right derived functor of GΦ(−) is denoted by Hi

Φ(−). The
functor Hi

Φ(−) and lim−→
I∈Φ

Hi
I(−) (from C (R) to itself) are naturally equivalent

(see [3]). For an ideal I of R, if Φ = {In|n ∈ N0}, then the functor Hi
Φ(−)

coincides with the ordinary local cohomology functor Hi
I(−). It is shown that,

the study of torsion theory over R is equivalent to study the general local
cohomology theory (see [4]).
Throughout this paper, R will always be a commutative Noetherian ring with
non-zero identity and I will be an ideal of R. We denote {p ∈ SpecR : p ⊇ I}
by V (I). For any unexplained notation and terminology we refer the reader
to [5], [6] and [11].

2 Main Results

The following lemma is needed in the proof of Lemma 4.

Lemma 1. Let I be an ideal of a Noetherian ring R and M be an R-module
such that M = IM . Let K be a finitely generated R-module with SuppR(K) ⊆
V (I). Then we have HomR(M,K) = 0.

The following lemma is a generalization of [12, Theorem 2.1] in the sense of
Serre subcategory of the category of R-modules.
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Lemma 2. Let R be a Noetherian local ring and I = (x1, ..., xn) be an ideal
of R and let M be an R-module. Let S be a Serre subcategory of the category
of R-modules. Then the following statements are equivalent:
(i) The R-module ExtiR(R/I,M) belongs to S , for all integers i ≥ 0,
(ii) The R-module TorRi (R/I,M) belongs to S , for all integers i ≥ 0,
(iii) The Koszul cohomology module Hi(x1, ..., xn;M) belongs to S , for all
integers i = 0, ..., n.

The equivalent conditions in the following lemma is quite useful in the proof
of Lemma 4.

Lemma 3. Let R be a Noetherian local ring and I a proper non-zero ideal of
R. Then for an R-module M , the following statements are equivalent:
(i) Hn

I (M) = 0, for all integers n ≥ 0,
(ii) ExtnR(R/I,M) = 0, for all integers n ≥ 0,
(iii) TorRn (R/I,M) = 0, for all integers n ≥ 0.

The next result is of assistance in the proof of the main theorems in this paper.

Lemma 4. Let R be a Noetherian local ring, I a proper non-zero ideal of R
and K be a finitely generated R-module with SuppR(K) ⊆ V (I). Also, let M
be an R-module satisfying in the equivalent conditions of Lemma 3. Then we
have ExtnR(M,K) = 0, for all integers n ≥ 0.

We are now ready to state and prove the main theorem of this paper. The
following theorem is a generalization of [10, Theorem 2.8]. In fact, we remove
I-torsion condition from R-module M in this theorem.

Theorem 1. Let R be a Noetherian local ring, I a proper non-zero ideal of R
and K be a finitely generated R-module with SuppR(K) ⊆ V (I). Also, let M
be an R-module such that ExtiR(R/I,M) is finitely generated for all integers
and dim(M) ≤ 1. Then the R-module ExtnR(M,K) is finitely generated, for
all integers n ≥ 0.

As applications to local cohomology we prove the following corollary which
generalize [10, Theorem 2.9].

Corollary 1. Let Φ be a system of ideals of R and I ∈ Φ. If dimM/aM ≤ 1
(e.g., dimR/a ≤ 1) for all a ∈ Φ, then for each finite R-module K with
SuppR(K) ⊆ V (I), the R-modules ExtjR(Hi

Φ(M),K) are finitely generated for
all i ≥ 0 and j ≥ 0.
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Abstract

In this paper, we study eigenvalues of the reciprocal distance signlees
Laplacian matrix of a connected graph. First, we obtain the characteristic
polynomial of the reciprocal distance signless Laplacian matrix of the join
of two regular graphs whose diameter is less than or equal to 2. Next, we
discuss about the upper bound for reciprocal distance signless Laplacian
spectral radius of graphs involving maximum vertex degree.

1 Introduction and definitions

All graphs considered in this paper are finite, simple and connected. A graph
is (usually) denoted by G = (V (G), E(G)), where V (G) is its vertex set and
E(G) its edge set. The order of G is the number n = |V (G)| of its vertices
and its size is the number m = |E(G)| of its edges. The set of vertices
adjacent to v ∈ V (G), denoted by N(v), refers to the neighborhood of v,
and the degree of v means the cardinality of N(v) and denoted by degG(v).
The distance between two vertices u, v ∈ V (G) denoted by dG(u, v) or duv, is
defined as the length of a shortest path between u and v in G. In particular,
dG(u, u) = 0 for any vertex u ∈ V (G). The diameter of G is the maximum
distance between vertices. The distance matrix of G is denoted by D(G) and
defined by D(G) = (dvivj )vi,vj∈V (G). The transmission TrG(v) of a vertex
v is defined to be the sum of the distances from v to all other vertices in
G, i.e., TrG(v) =

∑
u∈V (G) dG(u, v). The transmission of a connected graph

G, denoted by σ(G), is the sum of distances between all unordered pairs of
vertices in G. Clearly, σ(G) = 1

2

∑
v∈V (G) TrG(v). A graph G is said to be

transmission regular if TrG(v) is a constant for each v ∈ V (G). Let G be a
connected graph with V (G) = {v1, v2, . . . , vn}. For 1 ≤ i ≤ n, one can easily
see that TrG(vi) is just the i-th row sum of D(G).

1Corresponding author and speaker
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The Harary matrix RD(G) of G, which is initially called the reciprocal dis-
tance matrix (RDij), is an n × n matrix whose (i, j)-entry is equal to 1

dij
if

i 6= j and 0 otherwise [8]. The Harary index of the graph G, denoted by H(G),
defined as

H(G) =
1

2

n∑
i=1

n∑
j=1

RDij =
∑
i<j

1

dij
.

As we know, in many instances the distant atoms influence each other much
less than near atoms. Harary matrix was introduced by Ivanciuć et al. [6] as
an important molecular matrix to research this interaction, and it was also
successfully used in a study concerning computer generation of acyclic graphs
based on local vertex invariants and topological indices.
Now, we define the reciprocal distance signless Laplacian matrix is an n × n
matrix RQ(G) = [rij ] such that

rij =

{
1
dij

if i 6= j∑n
j=1

1
dij

if i = j.

In other words, the reciprocal distance signless Laplacian matrix is RQ(G) =
RD(G) + Tr′(G), in which, we define the second transmission Tr′G(v) of a
vertex v to be Tr′G(v) =

∑
u∈V (G)

1
dG(u,v) . Let ρi = ρi(G), i = 1, 2, . . . , n be

the eigenvalues of the reciprocal distance signless Laplacain matrix RQ(G)
and they can be labeled in the nondecreasing order as ρ1 ≥ ρ2 ≥ · · · ≥ ρn.
The collection of the eigenvalues is called the spectrum. The largest eigenvalue
ρ1 = ρ(G) of RQ(G) is called the reciprocal distance signless Laplacian spectral
radius of G.
The second transmission (or Harary index ) of a connected graph G, is the sum
of reciprocal distances between all unordered pairs of vertices in G. Clearly
H(G) = 1

2

∑
v∈V (G) Tr

′
G(v). A graph G is said to be second transmission reg-

ular if Tr′G(v) is a constant for each v ∈ V (G).

The Harary energy of a graph G, denoted by EH(G), is defined in [4], as

EH(G) =
n∑
i=1

|µi|.

Similarly we define here the reciprocal distance signless Laplacian energy ERQ(G)
of a graph G as

ERQ(G) =

n∑
i=1

|ρi|,
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where ρ1, ρ2, . . . , ρn are the eigenvalues of the reciprocal distance signless
Laplacian matrix of G.

2 Main Results

Let Sn be the n-vertex star. We determine the graphs with maximum recip-
rocal distance signless Laplacian spectral radius among the n-vertex trees.

Theorem 1. Let G be a tree on n ≥ 4 vertices different from Sn. Then

ρ(G) < ρ(Sn) = n− 1 +
√
n− 1.

Definition 1. The join of two disjoint-vertex graphs G1 and G2, denoted by
G1∇G2, is a graph obtained from G1 and G2 by joining each vertex of G1 to
all vertices of G2.

Next, we obtain the characteristic polynomial of the reciprocal distance sign-
less Laplacian matrix of the join of two regular graphs whose diameter is less
than or equal to 2.

Theorem 2. Let Gi be an ri-regular graph on ni vertices and diam(Gi) ≤ 2,
for i = 1, 2. Then the characteristic polynomial of the reciprocal distance
signless Laplacian matrix of G1∇G2 is

ψ(G1∇G2 : ρ) =
[(ρ− n1 − n2 − r1 + 1)(ρ− n1 − n2 − r2 + 1)− n1n2]

(ρ− n1 − n2 − r1 + 1)(ρ− n1 − n2 − r2 + 1)

ψ(G1 : ρ)ψ(G2 : ρ).

Theorem 3. Let Gi be an ri-regular graph on ni vertices and diam(Gi) ≤ 2,
for i = 1, 2. Then

ERQ(G1∇G2) = ERQ(G1) + ERQ(G2), if XY ≥ n1n2

and also

ERQ(G1∇G2) = ERQ(G1) + ERQ(G2)− (X + Y )

+
√

(X + Y )2 − 4(XY − n1n2), if XY < n1n2

where X = n1 + n2 + r1 − 1 and Y = n1 + n2 + r2 − 1.
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Note that for a graph G, we denote by Ḡ, the complement graph of G. Let
G be any graph with adjacency matrix A, and the adjacency matrix of its
complement Ḡ is Ā. Then d(u, v) = 1 if u is adjacent with v in G, and
d(u, v) = 2 if u is adjacent with v in Ḡ.

Theorem 4. Let G be an r-regular graph of diameter 2, and let its adjacency
spectrum be SpecA(G) = {r, λ2, . . . , λn}. Then the RQ spectrum of G is

SpecRQ(G) = {n+r−1,
1

2
(n+λ2+r)−1,

1

2
(n+λ3+r)−1, . . . ,

1

2
(n+λn+r)−1}.

In the following, we give the result for ρ(G) of the Nordhaus-Gaddum type.

Theorem 5. Let G be a connected graph on n ≥ 4 vertices with a connected
Ḡ. Then

2n < ρ(G) + ρ(Ḡ) < 4n− 6.

Now, we discuss about the upper bound for reciprocal distance signless Lapla-
cian spectral radius of graphs involving maximum vertex degree.

Theorem 6. Let G be a connected graph with n vertices, maximum degree ∆1

and second maximum degree ∆2. Then

ρ(G) ≤ n− 1 +
1

2
(∆1 + ∆2), (1)

with equality if and only if G is a regular graph with diameter less than or
equal to 2.

Let C(n, s) be the set of connected graphs with n vertices and connectivity s,
where 1 ≤ s ≤ n − 2. Next, we determine the unique graph with maximum
reciprocal distance signless Laplacian spectral radius among the graphs in
C(n, s).

Theorem 7. Let G ∈ C(n, s), where 1 ≤ s ≤ n− 2. Then,

ρ(G) ≤ ρ(Ks∇(K1 ∪Kn−s−1)),

with equality holding if and only if G ∼= Ks∇(K1 ∪Kn−s−1).

Now, Assume that n1 +n2 + · · ·+nk = n. We denote by Kn1,n2,...,nk the com-
plete k-partite graph of order n whose partition sets are of size n1, n2, . . . , nk,
respectively.
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Theorem 8. Let G be a k-partite graph of order n and ni = |Vi|, then

ρ(G) ≥ 2n− 1− 1

n

n∑
i=1

n2
i ,

with equality holding if and only if G ∼= Kn1,n2,...,nk .
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On right strongly Hopfian property of skew
generalized power series rings

Abdollah Alhevaz1 and Ebrahim Hashemi2

Abstract

Let R be a ring, S a strictly ordered monoid and ω : S → End(R) a
monoid homomorphism. A skew generalized power series ring R[[S, ω,≤]]
consists of all functions from a monoid S to a coefficient ring R whose
support contains neither infinite descending chains nor infinite antichains,
with pointwise addition, and with multiplication given by convolution
twisted by an action ω of the monoid S on the ring R. A ring R is said
to be right strongly Hopfian if the chain of right annihilators rR(a) ⊆
rR(a2) ⊆ · · · stabilizes for each a ∈ R. In this paper, we are interested in
the class of right strongly Hopfian rings and the transfer of this property
from an associative ring R to the skew generalized power series ring
R[[S, ω,≤]]. It is proved that if S is a strictly totally ordered monoid
and R[[S, ω,≤]] is a reversible ring, then the skew generalized power
series ring R[[S, ω,≤]]] is right strongly Hopfian if and only if R is right
strongly Hopfian.

1 Introduction and preliminaries

Throughout the present paper all rings considered, unless otherwise noted,
shall be assumed to be associative and possess an identity; subrings of a ring
need not have the same unit, and “an order” on a set will always mean “a
partial order”. Our notation and terminology are standard and shall follow
[6]. For instance, for such a ring R, the monoid of endomorphisms of R (with
composition of endomorphisms as the operation) is denoted by End(R). We
adopt the notations `R(X) and rR(X) to represent the left and the right
annihilator of X in R, respectively. By R[S], we mean the monoid ring of a
monoid S over a ring R, while R[x] denotes the ring of all polynomials over a
ring R.
Let (S,≤) be an ordered set. Then (S,≤) is called artinian if every strictly
decreasing sequence of elements of S is finite and (S,≤) is called narrow if

1Corresponding author and speaker
2Department of Mathematics, Shahrood University of Technology, P.O. Box: 316-

3619995161, Shahrood, Iran, a.alhevaz@shahroodut.ac.ir and eb−hashemi@shahroodut.ac.ir
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every subset of pairwise order-incomparable elements of S is finite. An ordered
monoid is a pair (S,≤) consisting of a monoid S (written multiplicatively)
and an order ≤ on S such that for all s1, s2, t ∈ S, s1 ≤ s2 implies s1t ≤ s2t
and ts1 ≤ ts2. An ordered monoid (S,≤) is said to be strictly ordered if
for all s1, s2, t ∈ S, s1 < s2 implies s1t < s2t and ts1 < ts2. It is known
that torsion-free nilpotent groups and free groups are ordered groups. Hence,
any submonoid of a torsion-free nilpotent group or a free group is an ordered
monoid. Let R be a ring, (S,≤) a strictly ordered monoid and ω : S → End(R)
a monoid homomorphism. For s ∈ S, let ωs denote the image of s under ω,
that is, ωs = ω(s). Let A be the set of all functions f : S → R such that the
support supp(f) = {s ∈ S : f(s) 6= 0} is an artinian and narrow set. Then for
any s ∈ S and f, g ∈ A the set

Xs(f, g) = {(x, y) ∈ supp(f)× supp(g) : s = xy}

is finite. Thus one can define the product fg : S → R of f, g ∈ A as follows:

(fg)(s) =
∑

(x,y)∈Xs(f,g)

f(x).ωx(g(y))

(by convention, a sum over the empty set is 0). With multiplication as de-
fined above and pointwise addition, A becomes a ring, called the ring of skew
generalized power series with coefficients in R and exponents in S, denoted by
R[[S, ω,≤]]. The construction of the skew generalized power series rings gener-
alizes some classical ring constructions such as polynomial rings (S = N∪ {0}
under usual addition, with the trivial order, i.e., the order with respect to
which any two distinct elements are incomparable, and ω is trivial, i.e., the
monoid homomorphism that sends every element of S to the identity endo-
morphism), monoid rings (trivial order, and ω is trivial), skew polynomial
ring R[x;σ] for some σ ∈ End(R) (S = N∪{0} under usual addition, with the
trivial order, and ω1 = σ), skew Laurent polynomial ring R[x, x−1;σ] for some
σ ∈ End(R) (S = Z under usual addition, with the trivial order, and ω1 = σ),
skew monoid rings (with trivial order), skew power series ring R[[x;σ]] for some
σ ∈ End(R) (S = N ∪ {0} under usual addition, with the usual order, and
ω1 = σ), skew Laurent power series ring R[[x, x−1;σ]] for some σ ∈ End(R)
(S = Z with usual addition, with the usual order, and ω1 = σ), the Mal’cev-
Neumann construction ((S, . ,≤) a totally ordered group and trivial ω) the
Mal’cev-Neumann construction of twisted Laurent series rings ((S, . ,≤) a to-
tally ordered group, and generalized power series rings. For each r ∈ R and
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s ∈ S, let cr, es ∈ R[[S, ω,≤]] defined by

cr (x) =

{
r if x = 1
0 if x ∈ S\ {1} , es (x) =

{
1 if x = s
0 if x ∈ S\ {s} .

It is clear that r 7→ cr is a ring embedding of R into R[[S, ω,≤]] and s 7→ es is a
monoid embedding of S into the multiplicative monoid of the ring R[[S, ω,≤]],
and also we have escr = cωs(r)es. Moreover, for any nonempty subset X of R
we have

X[[S, ω,≤]] = {f ∈ R[[S, ω,≤]] : f(s) ∈ X ∪ {0} for every s ∈ S} ,

and for each nonempty subset Y of R[[S, ω,≤]], we put

CY = {g(t) : g ∈ Y , t ∈ S}.

Following [4], a ring R is left strongly Hopfian if for every endomorphism f of
R, the chain ker(f) ⊆ ker(f2) ⊆ . . . stabilizes. Equivalently, R is left strongly
Hopfian if the chain of left annihilators lR(a) ⊆ lR(a2) ⊆ . . . stabilizes for
each a ∈ R. The class of left strongly Hopfian rings is very large. It contains
Noetherian rings, Laskerian rings, rings satisfying acc on d-annihilators and
those satisfying acc on d-colons, and so on [3]. If R is a commutative ring, then
a left strongly Hopfian ring is also called a strongly Hopfian ring. Hmaimou et
al. [4] showed that for a commutative ring R, the ring R is strongly Hopfian
if and only if the polynomial ring R[x] is strongly Hopfian if and only if the
Laurent polynomial ring R[x;x−1] is strongly Hopfian. Let R be a commuta-
tive ring. In [3], S. Hizem provided an example of a strongly Hopfian ring R
such that the power series ring R[[x]] is not necessary strongly Hopfian, and
also gave some necessary and sufficient conditions for R[[x]] to be strongly
Hopfian. For more details and properties of left strongly Hopfian rings, see
[2],[3],[4]. Our results in this paper continues this ongoing effort in the more
general case of skew generalized power series ring.

2 Main Results

Let R be any ring, (S,≤) a strictly ordered monoid and also ω : S → End(R)
a monoid homomorphism. Following [7], a ring R is called S-compatible (or
(S, ω)-compatible) if ωs is compatible for each s ∈ S, that is for all a, b ∈ R
and s ∈ S, ab = 0 if and only if aωs(b) = 0. The following lemmas are very
useful in proof of our main results in this paper. Their proof are similar to
what Alhevaz and Hashemi proved in [1, Lemma 2.2].
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Lemma 1. Let R be a ring, (S,≤) be any monoid and also ω : S → End(R) a
monoid homomorphism such that R is S-compatible. Then for each elements
a1, a2, . . . , an ∈ R, if we have ωs1(a1)ωs2(a2) · · ·ωsn(an) = 0, then we get
a1a2 · · · an = 0 for all elements s1, s2, . . . , sn ∈ S.

Recall that a ring R is called reversible if ab = 0 implies that ba = 0 for each
a, b ∈ R. Kim and Lee [5], studied extensions of reversible rings and showed
that polynomial rings and hence monoid rings over reversible rings need not
be reversible in general. Also a ring R is called semicommutative, if ab = 0
implies aRb = 0 for a, b ∈ R. It can be easily seen that each reversible ring is
semicommutative and the converse is not true.

Lemma 2. Let R be a semicommutative ring, (S,≤) a strictly ordered monoid
and ω : S → End(R) a monoid homomorphism such that R is S-compatible.
Let f, g ∈ R[[S, ω,≤]] such that f(s)g(t) = 0 in R for all elements s, t ∈ S,
then fg = 0 in R[[S, ω,≤]].

Definition 1. A ring R is right strongly Hopfian if the chain of right annihi-
lators rR(a) ⊆ rR(a2) ⊆ · · · stabilizes for each a ∈ R.

Lemma 3. Let a ∈ R. Then the chain rR(a) ⊆ rR(a2) ⊆ · · · stabilizes if and
only if there exists n > m such that rR(an) = rR(am).

Now we are in a good position to state our main result in this paper.

Theorem 1. Let R be any ring, (S,≤) a strictly ordered monoid and ω : S →
End(R) a monoid homomorphism. If the skew generalized power series ring
R[[S, ω,≤]] is reversible, then R is right strongly Hopfian ring if and only if
R[[S, ω,≤]] is right strongly Hopfian.

When we considering the skew generalized power series ring with the trivial
order, i.e., the order with respect to which any two distinct elements are
incomparable, and ω is trivial, i.e., the monoid homomorphism that sends
every element of S to the identity endomorphism, then we get the following
result.

Corollary 1. [8, Proposition 2.19] Let R be any ring and (S,≤) a strictly
ordered monoid. If the monoid ring R[S] is reversible, then R is right strongly
Hopfian ring if and only if R[S] is right strongly Hopfian.

Corollary 2. [4, Corollary 5.4] Let R be a commutative strongly Hopfian ring,
then R[x, x−1] is strongly Hopfian.
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Corollary 3. [4, Theorem 5.1] Let R be a commutative strongly Hopfian ring,
then the polynomial ring R[x] is strongly Hopfian.
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Abstract

This work concerns the study of existence and uniqueness to heat
equation with fractional Laplacian differentiation in extended Colombeau
algebra.

1 Introduction

The fractional Laplacian and the fractional derivative are two different math-
ematical concepts (Samko et al, 1987). Both are defined through a singular
convolution integral, but the former is guaranteed to be the positive defi-
nition via the Riesz potential as the standard Laplace operator, while the
latter via the Riemann-Liouville integral is not. It is noted that the fractional
Laplacian can not be interpreted by the fractional derivative in the sense of
either Riemann-Liouville or Caputo. Both the fractional Laplacian and the
fractional derivative have found applications in many complicated engineer-
ing problems. In particular, the fractional Laplacian attracts new attentions
in recent years owing to its unique capability describing anomalous diffusion
problems (Hanyga, 2001). Recently the fractional Laplacians attract much
interest in nonlinear analysis. Caffarelli and Silvestre have given a new for-
mulation of the fractional Laplacians through Dirichlet-Neumann maps. The
reason for introducing fractional derivatives into algebra of generalized func-
tions was the possibility of solving nonlinear problems with singularities and
derivatives of arbitrary real order in it ([2]). We use an algebra of generalized
functions which will be an extension of the Colombeau algebra in a sense of
extension of fractional derivatives. Fractional calculus is a generalization of
ordinary differentiation and integration to arbitrary non-integer order. More-
over fractional processes have witnessed an increasing development in the last
decade. For instance, they are suitable for describing the long memory prop-
erties of many time series. Colombeau algebras (usually denoted by the letter
G) are differential (quotient) algebras with unit, and were introduced by J. F.

1Department of Mathematics, University of Mazandaran, amohsen@umz.ac.ir
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Colombeau as a nonlinear extension of distribution theory to deal with non-
linearities and singularities in PDE theory. These algebras contain the space
of distributions D′ as a subspace with an embedding realized through convo-
lution with a suitable mollifier. Elements of these algebras are classes of nets
of smooth functions.

2 Colombeau algebra

The elements of Colombeau algebras G are equivalent classes of regulariza-
tions, i.e., sequences of smooth functions satisfying asymptotic conditions in
the regularization parameter ε. Therefore, for any set X, the family of se-
quences (uε)ε ∈ (0, 1] of elements of a set X will be denoted by X(0,1]; such
sequences will also be called nets and simply written as uε. The algebra of
generalized functions on equals G(Ω), where Ω is an open set, is defined by
G(Ω) = EM (Ω)/N (Ω) where

EM (Ω) = {(uε)ε ∈ (C∞(Ω))(0,1]| ∀K ⊂⊂ Ω,∀α ∈ Nn0 ∃N ∈ N, such that

supx∈K |∂αuε(x)| = O(ε−N ), ε→ 0},
N (Ω) = {(uε)ε ∈ (C∞(Ω))(0,1]| ∀K ⊂ Ω,∀α ∈ Nn0 ∀s ∈ N, such that

supx∈K |∂αuε(x)| = O(εs), ε→ 0}.
The elements of EM (Ω) and N (Ω) are called moderate, negligible functions,
respectively. Families (rε)ε of complex numbers such as |rε| = O(ε−p) as ε→ 0
for some p ≥ 0 are called moderate, in which |rε| = O(εq) for every q ≥ 0 are
termed negligible. The ring R̃ of Colombeau generalized numbers is obtained
by factoring moderate families of complex numbers with respect to negligible
families.
The definition of extended Colombeau algebras of generalized functions on
open subset of Ω is in a sense of extension of the entire derivatives to the
fractional ones. Let Ee(Ω) be an algebra of all sequences (uε)ε>0 of real valued
smooth functions uε ∈ C∞(Ω). Suppose that
EeM (Ω) = {(uε)ε ∈ Ee(Ω)| ∀K ⊂ Ω,∀α ∈ R+ ∪ {0},∃N ≥ 0, such that

supx∈K |Dαuε(x)| = O(ε−N ) ε→ 0},
and N e(Ω) = {(uε)ε ∈ Ee(Ω)| ∀K ⊂⊂ Ω, ∀α ∈ R+ ∪ {0}, ∀s ≥ 0, such that

supx∈K |Dαuε(x)| = O(εs) ε→ 0}.
Where Dαuε(x) is the Caputo fractional derivative. The extended Colombeau
algebra of generalized functions is the set Ge(Ω) = EeM (Ω)/N e(Ω).

The new definition of extended Colombeau algebra is based on the ratio of
spatial variable x. Moreover for a fractional derivative in the Laplacian sense
is used. An interval Ω = (−∞,∞), and for PDEs the derivative (w.r.) to
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spatial variable x in the domain Ω = ((0, T ]×R) is considered. The Colombeau
algebra generalized functions is the set GeL∞(Ω) = EeM,L∞(Ω)/N e

L∞(Ω) where
EeM,L∞(Ω) = {(uε)ε ∈ Ee(Ω)|, ∀γ ∈ (0, 2), ∃N ≥ 0, such that

‖(−∆)
γ
2 uε(x)‖L∞(Ω) = O(ε−N ) as ε→ 0},

and N e
L∞(Ω) = {(uε)ε ∈ Ee(Ω)| ∀γ ∈ (0, 2),∀s ≥ 0, such that

‖(−∆)
γ
2 uε(x)‖L∞(Ω) = O(εs) as ε→ 0}.

Imbedding the fractional derivatives (w.r.) to the spatial variable is given by
the convolution of the fractional Laplacian is shown with the map:

ifrac : w → [(̃−∆)
γ
2
(wε)ε>0] = [(−∆)

γ
2 (wε ∗ϕε(x))ε>0], where wε is a represen-

tative for the entire derivative,
where ϕ(x) ∈ C∞0 (R), ϕ(x) ≥ 0,

∫
ϕ(x)dx = 1,

∫
xαϕ(x)dx = 0,∀α ∈ N, |α| >

0.

3 Imbedding of The fractional Laplacian into ex-
tended Colombeau algebra of generalized func-
tions

The fractional Laplacian (−∆)
γ
2 commutes with the primary coordination

transformations in the Euclidean space Rd, and has tight link to splines, frac-
tals and stable Levy processes.
The Riesz derivative is a complementary operator to the well known Riesz
derivative given explicitly by Samko [1], in the d-dimensional case, as follows:

(−∆)
γ
2
d f(x) =

−Γ[(d− 2 + γ)/2)]

π(2−γ)/222−γΓ[(2− γ)/2]

∫
∆f(ξ)dξ

|x− ξ|d−2+γ
,

where 0 < γ < 2.
Consider fractional Laplacian , defined for the Colombeau representative fε(x).
Fractional Laplacian of order 0 < γ < 2,

(−∆)
γ
2
d f(x) =

−Γ[(d− 2 + γ)/2)]

π(2−γ)/222−γΓ[(2− γ)/2]

∫
∆f(ξ)dξ

|x− ξ|d−2+γ
.

Use the following regularization for 0 < γ < 2,

(̃−∆)
γ
2

d fε(x) =
−Γ[(d− 2 + γ)/2)]

π(2−γ)/222−γΓ[(2− γ)/2]

∫
∆fε(ξ)

|x− ξ|d−2+γ
ϕε(x− ξ − t)dξdt,

where fε(x) is a representative for f(x) in extended Colombeau algebra Ge([0, T ]×
R). Using the fact that ϕε(t) has the compact support on [−x, x] , so since
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x < X, X > 0 and ∆fε(x) is of the moderate class.

sup
x∈R
|(̃−∆)

γ
2

d fε(x)| ≤ Cγ,d,φε−NX4−γ−d, 0 < γ < 2.

3.1.Imbedding of the heat equation into extended Colombeau al-
gebra of generalized functions

We consider the existence and uniqueness result for a nonlinear parabolic
heat equation driven by the fractional derivative of the delta distribution in
the extended algebra of generalized functions:

∂tu(t, x) = ∆u(t, x) + g(u(t, x)), u(0, x) = u0(x) = δ(x),

where g(u) ∈ L∞loc([0, T ),Rn) and the following regularization for delta distri-
bution will be used:

u0ε(x) = | ln ε|anφ(x.| ln ε|), ‖∇gε(uε)‖L∞ ≤ (| ln ε|)b, 0 < a, b < 1,

where φ(x) ∈ C∞0 (Rn), φ(x) ≥ 0,
∫
φ(x)dx = 1.

Theorem 1. Regularized equation to heat equation

∂tuε(t, x) = ∆uε(t, x) + gε(uε(t, x)), u0ε = δε(x), (1)

has a unique solution in the space GeL∞([0, T )× Rn).
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Zero-divisor graphs of polynomials and power series
over reversible rings

R. Amirjan and E. Hashemi1

Abstract

Let R be a reversible ring with identity. The zero-divisor graph,
Γ(R), is the graph with vertices Z∗(R) = Z(R) − {0}, the set
of non-zero zero-divisors of R and for distinct x, y ∈ Z∗(R), the
vertices x and y are adjacent if and only if xy = 0 or yx = 0. In
this paper we give a charachterization for diameter of Γ(R[x]) and
compare it with diameter of Γ(R), when R is a reversible ring. We
also study the zero-divisor graph Γ(R[[x]]), when R is a Noetherian
reversible ring.

Keywords: zero-divisor graph, diameter, reversible rings, polynomial ring,
power series ring
Mathematics Subject Classification (2010): 13A99

1 Introduction

The concept of the graph of the zero-divisor of a ring was first introduced
by Beck in [3], when discussing the coloring of a commutative ring . In his
work, all elements of the ring were vertices of the graph. In [1], Anderson
and Livingston considered only non-zero zero-divisors of a commutative ring.
Axtell, Coykendall and Stickles in [2] studied the zero-divisor graph of the
polynomials and power series ring over commutative rings. In [5] Redmond
studied the zero-divisor graph of a non-commutative ring.
In [4] Lucas studied the diameter of a zero-divisor graph of commutative
rings more generally. He has characterized the diameter of Γ(R), Γ(R[x])
and Γ(R[[x]]). For reduced rings he gave complete charachtrization for all
three graphs.( Recall that, a ring R is reduced if R has no non-zero nilpotent
element.) For non reduced rings he have succeeded only in characterizing the
diameter of Γ(R) and Γ(R[x]). Several papers are devoted to studying the
relationship between the zero-divisor graph and algebraic properties of rings.

1Department of Mathematics, Shahrood, Iran, raziyehamirjan@gmail.com
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A ring R is called reversible if ab = 0 implies that ba = 0 for each a, b ∈ R. For
an element r ∈ R, the left annihilator of a, l.ann(a) = lR(a) = {b ∈ R|ba = 0}
and the right annihilator of a, similarly. Also we denote the set of all left(right)
zero-divisors of R by Zl(R)(Zr(R)).

2 Main Results

Definition 1. We say that a ring R has right(left) Property (A), if for every
finitely generated two-sided ideal I ⊆ Zl(R)(Zr(R)), there exists non-zero a ∈
R(b ∈ R) such that Ia = 0(bI = 0). A ring R is said to to have Property (A)
if R has right and left Property (A).

Theorem 1. Let R be a reversible ring,

1) diam(Γ(R[x])) ≥ 1.

2) diam(Γ(R[x])) = 1 if and only if R is a nonreduced ring such that
(Z(R))2 = (0).

3) diam(Γ(R[x])) = 2 if and only if either (i) R is reduced with exactly two
minimal primes or (ii) R has Property (A) and Z(R) is an ideal with
(Z(R))2 6= (0).

4) diam(Γ(R[x])) = 3 if and only if R is not a reduced ring with exactly
two minimal primes and either R has not Property (A) or Z(R) is not
an ideal.

Theorem 2. Let R be a reversible ring.The following cases describe all pos-
sibilities for the pair diam(Γ(R)), diam(Γ(R[x])):

1) diam(Γ(R)) = 0 and diam(Γ(R[x])) = 1 if and only if R is isomorphic
to either Z4 or Z2[y]/(y2).

2) diam(Γ(R)) = 1 = diam(Γ(R[x])) if and only if R is nonreduced ring
with more than one non-zero zero-divisor such that (Z(R))2 = (0).

3) diam(Γ(R)) = 1 and diam(Γ(R[x])) = 2 if and only if R is isomorphic
to Z2 × Z2.

4) diam(Γ(R)) = 2 = diam(Γ(R[x])) if and only if R is reduced ring
with exactly two minimal primes and R has more than two non-zero
zero-divisors, or (ii) Z(R) is an ideal with (Z(R))2 6= (0) and R has
Property(A).
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5) diam(Γ(R)) = 2 and diam(Γ(R[x])) = 3 if and only if Z(R) is an ideal,
R has not Property (A) but each pair of zero-divisors of R has a nonzero
annihilator.

6) diam(Γ(R)) = 3 = diam(Γ(R[x])) if and only if R is not reduced ring
with exactly two minimal primes and there is a pair of zero-divisors a
and b such that (0 : {a, b}) = (0).

Theorem 3. Let R 6= Z2 ×Z2 be a Noetherian reversible ring with nontrivial
zero-divisors.The following conditions are equivalent:
(1) diam(Γ(R)) = 2.
(2) diam(Γ(R[x])) = 2.
(3) diam(Γ(R[x1, . . . , xn])) = 2 for all n > 0.
(4) diam(Γ(R[[x]])) = 2.
(5) Z(R) is either the union of two primes with intersection {0}, or Z(R) is
prime and (Z(R))2 6= 0.
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Some notes on square stable ideals

Fatemeh Avizi1

Abstract

An ideal I of a ring R is square stable if for any a ∈ I, b ∈ R that
aR + bR = R implies that there exists some y ∈ R such that a2 + by ∈
U(R). This is a generalizition of square stable range for rings. In this
paper we prove that a regular ideal I of R is square stable if and only
if aR + bR = R with a ∈ 1 + I, b ∈ R implies that a2 + by ∈ U(R),
for some y ∈ R. We construct an example of a ring that does not have
square stable range 1 but it has an square stable ideal. We also prove
that in a regular ideal with square stable property, every regular element
is strongly regular. It is proved that a regular ideal in a ring is square
stable if and only if it is reduced.

1 Introduction

Let I be an ideal of a ring R. We say that I is square stable if aR + bR = R
with a ∈ I, b ∈ R implies that a2 + by ∈ R is a unit for a y ∈ R. From this, we
see that every ideal of a ring having square stable range one is square stable.
Also a ring R has square stable range one if and only if it is square stable as
an ideal of itself.
An ideal I of a ring R is an exchange ideal if for any a ∈ I there exists an
idempotent e ∈ I and x, y ∈ I such that e = ax = a + y − ay. An ideal I of
R is an exchange ideal if and only if for any a ∈ I there exists an idempotent
e ∈ R such that e ∈ aR and 1 − e ∈ (1 − a)R [1]. A ring R is an exchange
ring if it is exchange as an ideal of itself. Recall that a ring R has stable range
one if aR + bR = R with a, b ∈ R implies that a + by ∈ R is a unit for a
y ∈ R. Camillo and Yu proved that an exchange ring has stable range one if
and only if every regular element in R is unit-regular [2, Lemma 1.3.1]. Here,
an element a ∈ R is (unit) regular if there exists a (unit) x ∈ R such that
a = axa. An element a ∈ R is called strongly regular if a ∈ a2R

⋂
Ra2.

An ideal I of a ring R is regular if every element in I is regular. Clearly, every
regular ideals of a ring is an exchange ideals. Recall that I has stable range
one if aR+ bR = R with a ∈ 1 + I, b ∈ R implies that a+ by ∈ R is invertible.

1Frrashband department of education, f.avizi92@gmail.com

63



Throughout, all rings are associative with an identity, and all ideals of a ring
are two-sided ideals. J(R) and U(R) will denote the Jacobson radical and the
set of all units of a ring R, respectively.

2 Main Result

Example 1. Let R =

(
Z Z
0 Z

)
, and let I =

(
0 Z
0 0

)
. Then I is a square

stable exchange ideal of R, while R has not square range one.

Theorem 1. Let I be an exchange ideal of a ring R. Then the following are
equivalent:

(1) I is square stable.

(2) For any a ∈ I, a2 ∈ J(R) =⇒ a ∈ J(R).

Theorem 2. Let I be an exchange ideal of a ring R. Then the following are
equivalent:

(1) I is square stable.

(2) For any regular a ∈ I, a ∈ R/J(R) is strongly regular.

Corollary 1. Let R be an exchange ring. Then the following are equivalent:

(1) R has square stable range one.

(2) For any regular a ∈ R, a ∈ R/J(R) is strongly regular.

Recall that an ideal I of a ring R has stable range one provided that aR+bR =
R with a ∈ 1 + I, b ∈ R =⇒ a + by ∈ U(R). It is known that a regular ideal
I has stable range one if and only if eRe is unit-regular for all idempotents
e ∈ I. Surprisingly, square stable ideals possess a similar characterization.

Theorem 3. Let I be a regular ideal of a ring R. Then the following are
equivalent:

(1) I is square stable.

(2) eRe is strongly regular for all idempotents e ∈ I.

Corollary 2. Let R be a regular ring. Then R is strongly regular if and only
if
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(1) I is square stable;

(2) R/I is strongly regular;

(3) Every units of R/I lifts to a unit of R.

Theorem 4. Let I be a regular ideal of a ring R. Then the following are
equivalent:

(1) I is square stable;

(2) aR+ bR = R with a ∈ 1 + I, b ∈ R =⇒ a2 + by ∈ U(R) for a y ∈ R.
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A survey of attached primes of local cohomology
module

Jafar A’zami1, Masoumeh Hasanzad2

Abstract

In this paper, we will give a survey on some recent research on at-
tached primes of ordinary local cohomology and generalized local coho-
mology modules. Also, we present some open questions about that.

1 Introduction

Local cohomology was first defined and studied by Grothendieck [6]. Let R
be a commutative Noetherian ring with non-zero identity and M be an R-
module. For an ideal a of R, the i-th local cohomology modules with respect
to a is defined as follows:

H i
a(M) = lim−→t∈NExt

i
R(
R

at
,M).

On the other hand, a natural generalization of local cohomology modules was
introduced by Herzog [9] as follows: For a pair of R-module (M,N) the i-
th generalized local cohomology module of (M,N) with respect to I is the
R-module

H i
a(M,N) = lim−→t∈NExt

i
R(

M

atM
,N).

clearly whenever M = R, the generalized local cohomology module H i
a(R,N)

is the ordinary local cohomology module H i
a(N).

Let R be a ring and M 6= 0 an R-module Recall that M is said to be secondary
iff for every x ∈ R the endomorphism M x−→M given by multiplication by x is
either surjective or nilpotent. Now Let M be arbitrary and N1, · · · , Ns ⊆ M
R-submodules. If M = N1 + ...+Ns and all Ni are secondary, then the s-tuple
(N1, · · · , Ns) is a secondary decomposition of M . In this case the secondary

1Department of Mathematics, University of Mohaghegh Ardabili, Ardabil, Iran, ja-
far.azami@gmail.com, jafar.azami@gmail.com

2Department of Mathematics, University of Mohaghegh Ardabili, Ardabil, Iran, ja-
far.azami@gmail.com, hasanzad.masoumeh@gmail.com
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decomposition (N1, · · · , Ns) is called minimal iff all N1 + · · ·+ N̂i + · · ·+Ns

are proper subsets of M and all
√
AnnRNi are pairwise different. Let R be

Noetherian. The set AttRM = {AnnRNi|i = 1, · · · , s} is called attached
primes of M . The notions of attached primes and secondary decomposition
of a module were developed by MacDonald [10]. Attached primes of local
cohomology modules have been study by MacDonald and Sharp [11]. In this
paper, we state some consequences about attached primes of ordinary and
generalized local cohomology modules which gained in the last few years.

2 Attached Primes of Ordinary Local Cohomology
Modules

The purpose of this section is to state some results about attached prime ideals
of ordinary local cohomology modules. We say that M is a representable R-
module precisely when it has a secondary representation. It is easy to deduce
that every Artinian R-module is representable. For any unexplained notation
and terminology, we refer the reader to [2] and [12].

Theorem 1. Assume that (R,m) is local, and let M be a non-zero, finitely
generated R-module of dimension n. Then Hn

m(M) 6= 0 and

AttRH
n
m(M) = {p ∈ AssM |dimR

p
= n}.

Proof. See Theorem [2, Theorem 7.3.2].

Proposition 1. Suppose that (R,m) is local and has dimension n, and also
that a is a proper ideal. Let R̂ be the completion of R with respect to the m-adic
topology. Then

AttRH
n
a (R) = {q ∩R|q ∈ Spec(R̂), dim

R̂

q
= n and dim

R̂

aR̂+ q
= 0}.

Proof. See [2, Exer. 8.2.6].

Theorem 2. Let (R,m) be a local ring and M a finitely generated of dimension

n. Then AttRH
n
a (M) = {p ∈ AssRM |cd(a,

R

p
) = n}.

Proof. See [3, Theorem 1.1].

Theorem 3. Let (R,m) be a d-dimensional complete local ring. If J is an

ideal of R such that dim
R

J
= 1 and Hd

J(R) = 0 then
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AttRH
d−1
J (R) = {p ∈ Spec(R)|dimR

p
= d− 1,

√
p + J = m} ∪Assh(R).

Proof. See [8, Theorem 2.3].

Theorem 4. Let M be a non-zero finitely generated R-module such that c :=

cd(a,M) is finite. Then AttRH
c
a(M) ⊆ {p ∈ SuppRM |cd(a,

R

p
) = c}.

Proof. See [1, Theorem 3.3].

Proposition 2. Suppose that M is a finitely generated n-dimensional R-
module. If AttRH

n
a (M) = AttRH

n
b (M), then Hn

a (M) ∼= Hn
b (M).

Proof. See [3, Proposition 1.8].

3 Attached primes of generalized local cohomology
modules

Proposition 3. Let (R,m) be a d-dimensional Gorenstein local ring and M
and N be two finitely generated R-modules with pd(M) <∞. Then

AttRH
d
m(M,N) = AssRM ∩ SuppRN .

Proof. See [4, Lemma 2.4].

Proposition 4. Let notations and conditions of previous Proposition. Then

AttR̂H
d
a (M,N) = {p ∈ AssR̂M ∩ SuppR̂N̂ |dim

R̂

aR̂+ p
= 0}.

Proof. See [4, corollary 2.6].

Theorem 5. Let M and N be finitely generated R-modules such that pd(M) =
d <∞ and dimN = n <∞. Then

AttRH
d+n
a (M,N) = {p ∈ AssRN |cd(a,M,

R

p
) = d+ n},

where, for any R-module K, cd(a,M,K) = sup{i ∈ Z|H i
a(M,K) 6= 0}.

Proof. See [7, Theorem 2.3].

Proposition 5. Assume conditions of the Previous Theorem. Then

AttRH
d+n
a (M,N) ⊆ SuppRM ∩AttRHn

a (N).
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Proof. See [5].

Theorem 6. Let M and N be finitely generated R-modules such that pd(M) =
d < ∞ and dimN = n < ∞ and letb be ideal of R. If AttRH

d+n
a (M,N) =

AttRH
d+n
b (M,N), then Hd+n

a (M,N) = Hd+n
b (M,N).

Proof. See [7, proposition 3.4].
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On relatively divisible comultiplication modules

Jafar A’zami1, Maryam khajepour2

Abstract

In this paper we introduce the concept of relatively divisible RD-
comultiplication modules as a generalization of comultiplication modules.
An R-module M is called RD-comultiplication if every RD-submodule of
M is a comultiplication submodule. Many results about this concept are
obtained.

Key words and phrases: Comultiplication modules, RD-comultiplication mod-
ules, RD-submodules.

1 Introduction

Throughout this paper R will denote a commutative ring with identity and
all modules are unitary. A submodule N of M is denoted by N ≤M , and an
ideal I of R is denoted by I �R.

An R-module M is said to be multiplication module [4], if for every submodule
N of M , there exists an ideal I of R such that N = IM . In [3] the concept of
comultiplication modules as a dual of multiplication modules was introduced.
An R-module M is said to be comultiplication, if for every submodule N of
M there exists an ideal I of R such that N = (0 :M I). It’s shown that if M
is a comultiplication R-module, then for each N ≤ M , N = (0 :M AnnRN).
For more basic properties of comultiplication modules we refer the reader to
[3].

In this paper we introduce RD-comultiplication modules as a generalization of
comultiplication modules. An R-module M is called RD- comultiplication if
for every RD- submodule N of M there exists I �R such that N = (0 :M I),
where a submodule N of M is said to be RD- submodule if rM ∩ N = rN
for each r ∈ R. It’s well known that every direct summand of a module is
an RD- submodule. Also it’s easy to see that if M is RD- comultiplication

1jafar.azami@gmail.com, Department of Mathematics, University of Mohaghegh Ardabili,
Ardabil, Iran.

2maryamkhajepour@yahoo.com, Department of Mathematics, University of Mohaghegh
Ardabili, Ardabil, Iran.
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module, then for each RD- submodule N of M , N = (0 :M AnnRN). In this
paper among other results, we show that every non-zero RD- comultiplication
over a discrete valuation domain is indecomposable. Also we show that if
M = M1 ⊕M2 is RD- comultiplication, then HomR(M1,M2) = 0. Finally we
show that if M = ⊕Mi, is RD- comultiplication, then for each RD- submodule
N of M , N = ⊕i∈I(N ∩Mi)

2 The Results

Definition 1. An R-module M is called purely comultiplication, if every pure
submodule N of M is a comultiplication submodule. Equivalently, for every
pure submodule N of M , there exists an ideal I of R such that N = (0 :M
I). It’s easy to show that if M is purely comultiplication, then for each pure
submodule N of M , N =

(
0 :M AnnR(N)

)
.

Definition 2. A submodule N of an R-module M is called relatively divisible
submodule ( RD-submodule), if rN = N ∩ rM for all r ∈ R.

Theorem 1. Every RD-comultipliction module is purely comultiplication.

Theorem 2. Let M be an RD-comultiplication R-module, then the following
hold:

i) If N is an RD- submodule of M , then N is RD-comultiplication.

ii) Every direct summand of M is an RD-comultiplication module.

iii) If N ≤M and M/N is torsion free, then N is RD-comultiplication.

Theorem 3. Let M be an RD-comultipliction module, then

Every RD-submodule N of an R-module M , is fully invariant.

For every RD-submodule N of an R-module M , (N : M) = (AnnN : AnnM)

Theorem 4. Let M be an RD-comultipliction domain such that every cyclic
submodule of M is an RD-submodule.Then M is a simple module.

Proposition 6. Let M = M1 ⊕M2 be an RD-comultipliction module. Then
HomR(M1,M2) = 0

Theorem 5. Every non-zero RD-comultipliction module over a discrete val-
uation domain R, is indecomposable.
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Hilbert polynomials and lattice point counting

Amir Bagheri1 Kamran Lamei2

The study of homological invariants of powers of ideals goes back, at least,
to an interesting work of Brodmann in the 70’s and attracted a lot of atten-
tion these last two decades. One of the most important results in this area is
the result on the asymptotic linearity of Castelnuovo-Mumford regularity ob-
tained by Kodiyalam [5] and Cutkosky, Herzog and Trung [1], independently.
The proof of Cutkosky, Herzog and Trung further shows the eventual linearity
in t of end TorSi (It, k)µ := max{µ|TorSi (It, k)µ 6= 0}. It is natural to inves-
tigate the asymptotic behavior of Betti numbers βi(I

t) := dimk TorSi (It, k)
as t varies. For the first time β1(It) was investigated by Northcott and Rees.
Later, using the Hilbert-Serre theorem, Kodiyalam [4, Theorem 1] proved that
for any non-negative integer i and sufficiently large t, the i-th Betti number,
βi(I

t), is a polynomial Qi in t of degree at most the analytic spread of I minus
one.
Recently, refining the result of [1], [3] gives a precise picture of the set of
degrees Γ such that TorSi (It, A)γ 6= 0 when t varies in an abelian group G:

Theorem 1. Let G be a finitely generated abelian group and let S = A[x1, . . . , xn]
be a G-graded polynomial ring over a commutative ring A. Let Ii = (fi,1, . . . , fi,ri)
for i = 1, . . . s be G-homogeneous ideals in S, and let M be a finitely generated
G-graded S-module. Set Γi = {degG(fi,j)}rij=1. Let ` ≥ 0 and assume that
` = 0 or A is Noetherian.
There exist a finite collection of elements δ`p ∈ G, a finite collection of in-

tegers t`p,i, and a finite collection of non-empty tuples E`p,i ⊆ Γi, such that

∆E`p,1| · · · |∆E`p,s is linearly independent for all p, satisfying:

suppG(TorS` (MIt11 · · · I
ts
s , A)) =

m⋃
p=1

(
δ`p+

⋃
ci∈Z

|E`
p,i
|

≥0 ,|ci|=ti−t`p,i

c1.E
`
p,1+· · ·+cs.E

`
p,s

)
,

if ti ≥ maxp{t`p,i} for all i.

1Marand Technical College, University of Tabriz, Marand, Iran, a bageri@tabrizu.ac.ir
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In this theorem support means the set of degrees that we have non-zero com-
ponents in them. In the case that the ideals are generated in the same degree,
they prove that the dimension of Tor of powers of ideals comes from a polyno-
mial. This result is our motivation to think about the case of arbitrary degrees.
Our general result, involves a finitely generated graded module M and a finite
collection of graded ideals I1, ..., Is. The grading is a positive Zp-grading, and
a special type of finite decomposition of Zp+s is described in such a way that in
each region dimk(TorSi (MIt11 ...I

ts
s , k)γ) is a quasi-polynomial in (γ, t1, ..., ts),

with respect to a lattice defined in terms of the degrees of generators of the
ideals.

To this aim, we use a combinatorial tool called vector partition function. This
function is related to the number of lattice points in a convex hull. Using this
function we try to give a closed formula for quasi-polynomials coming from a
vector partition function. However, in general, such a formula does not exist.
More precisely, we control behavior of Hilbert functions of a non standard
polynomial ring by counting the number of lattice points. Our main result in
a special case is as follows:

Theorem 2. Let S = k[x1, . . . , xn] be a positively graded polynomial ring over
a field k and let I be a homogeneous ideal in S.

There exist t0,m,D ∈ Z, linear functions Li(t) = ait + bi, for i = 0, . . . ,m,
with ai among the degrees of the minimal generators of I and bi ∈ Z, and
polynomials Qi,j ∈ Q[x, y] for i = 1, . . . ,m and j ∈ 1, . . . , D, such that for
t ≥ t0,

(i) Li(t) < Lj(t) ⇔ i < j.

(ii) If µ < L0(t) or µ > Lm(t), then TorSi (It, k)µ = 0.

(iii) If Li−1(t) ≤ µ ≤ Li(t) and ait− µ ≡ j mod (D), then

dimk TorSi (It, k)µ = Qi,j(µ, t).
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Javad Bagheri Harehdashti*1 Hosein Fazaeli Moghimi2

Abstract

Let R be a commutative ring with identity and M be a unitary R-module.
We say that a submodule N satisfies the radical condition, if (

√
N : M) =√

(N : M), where
√
N is the intersection of all prime submodules of M

containing N . In this paper, we examine various properties of this class
of submodules.

1 Introduction and preliminaries

Throughout R is a commutative with ring identity and M a unitary R-module.
For a submodule N of an R-module M , (N : M) = {r ∈ R | rM ⊆ N}. A
proper submodule N of M is called prime (resp. primary) if for any r ∈ R
and any m ∈ M , rm ∈ N implies that either m ∈ N or r ∈ (N : M) (resp.
r ∈

√
(N : M)). The radical of a submodule N of M , denoted by

√
N , is

the intersection of all prime submodules of M containing N or, in case there
are no such prime submodules,

√
N is M . We say that N satisfies the radical

condition, if (
√
N : M) =

√
(N : M). If N satisfies the radical condition and√

(N : M) = p is a prime ideal of R, we say that N satisfies the p-radical
condition. It is evident that every prime submodule N of M satisfies the
radical condition. Every submodule of a finitely generated module satisfies
the radical condition. Also, if M is a module over a domain R, and N is a
proper submodule of M such M/N is projective, then N satisfies the radical
condition [4, Corollary 4.3 and Proposition 5.3]. We show that if M is a
module over a one-dimensional domain R and N is a primary submodule of
M , then N satisfies the radical condition (Theorem 7).

Example 1. (i) Every proper subspace of a vector space satisfies the 0-radical
condition. (ii) Let Q be the set of rational numbers. Then 0 is the only
submodule of the Z-module Q which satisfies the radical condition and 0-radical

1Departement of Mathematics, University of Birjand, Birjand, Iran.
E-mail:J−bagheri@birjand.ac.ir

2Departement of Mathematics, University of Birjand, Birjand, Iran.
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condition. (iii) Let R = Z and M = Zpn for some prime integer p and positive
integer n. Any submodule of M is of the form prM , 1 ≤ r ≤ n and we have√

(prM : M) = (
√

(prM) : M) = (pM : M) = p. It is easily seen that every
proper submodule of M satisfies the radical condition. (iv) Let M be the Z-
module Q ⊕ Z(p∞). Then by [1, Corollary 3.8(b)] and [1, Proposition 3.7(b)]
Spec(M) = {0 ⊕ Z(p∞)}. Now, if L is a submodule of M which satisfies the
p-radical condition then radL 6= M and so L ⊆ 0⊕ Z(p∞). Therefore, we can
conclude that p must be 0 and the set of all submodules of M which satisfies
the 0-radical condition is {0⊕N : N is a submodule of Z(p∞)}.

2 Main Results

Proposition 1. Let R be a ring, M be a free R-module and q be a p-primary
ideal of R for which the submodule qM of M satisfies the p-radical condition.
Then

√
qM is a prime submodule of M .

If N is a submodule of an R-module M which satisfies the radical condition,
then (

√
(N : M)M : M) = ((

√
N : M)M : M) ⊆ (

√
N : M) =

√
(N : M).

Thus we have the following result.

Proposition 2. Let M be an R-module and N be a submodule of M which
satisfies the radical condition. Then (

√
(N : M)M : M) =

√
(N : M).

Proposition 3. Let M be an R-module and p be an ideal of R such that
(
√
pM : M) = p. Then pM satisfies the radical condition. In particular, if p

is a prime ideal, then pM satisfies the p-radical condition.

Note that if f : M →M ′ is an epimorphism of R-modules, then by [5, Corol-
lary 1.3.], f(

√
f−1(L′)) = f(f−1(

√
L′)) =

√
L′ for each submodule L′ of M ′.

Moreover,
√

(f−1(L′) : M) = (
√
f−1(L′) : M).

Theorem 1. Let f : M →M ′ be an epimorphism of R-modules. Then

(1) If L′ is a submodule of M ′ satisfying the radical condition, then f−1(L′)
is a submodule of M satisfying the radical condition.

(2) If L is a submodule of M satisfying the radical condition and containing
Kerf , then f(L) is a submodule of M ′ satisfying the radical condition.

Moreover, the analogous statements also hold if we replace the “radical condi-
tion” by the “p-radical condition” in the above.
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Corollary 1. Let M be an R-module and L, N be submodules of M such that
N ⊆ L. Then L satisfies the radical condition (resp., p-radical condition) if
and only if L/N satisfies the radical condition (resp., p-radical condition).

It is well-known that the radical and intersection of a finite family of ideals
commute with each other. However, this is not true for infinite families in
general. For example, if we consider the family {2nZ}n≥1 of ideals of Z, then√
∩
n≥1

2nZ = 0 ( ∩
n≥1

√
2nZ = 2Z. By combining [2, Theorem 1.3. p. 74 and

Theorem 2.4. p. 77] we have the following lemma:

Lemma 1. Let R be a ring. Then R is a zero-dimensional ring if and only if√
∩
λ∈Λ

Iλ = ∩
λ∈Λ

√
Iλ, for every family {Iλ}λ∈Λ of ideals of R.

Using this lemma, we have:

Theorem 2. Let R be a zero-dimensional ring, M be an R-module and let
{Li : i ∈ I} be a non-empty chain of submodules of M such that each Li
satisfies the pi-radical condition. Then ∩

i∈I
Li satisfies the p-radical condition

in which p = ∩
i∈I
pi.

Let M be an R-module and N be a proper submodule of M . Let EM (N) =
{rx : r ∈ R and x ∈ M such that rnx ∈ N for some n ∈ N}. The envelop
submodule of N in M is defined to be a submodule of M generated by EM (N).
Following [5], the submodule N is said to satisfy the radical formula if

√
N =

EM (N). Also M is said to satisfy the radical formula if every submodule of
M satisfies the radical formula.

Proposition 4. Let M be an R-module which satisfies the radical formula.
Then the following are equivalent:

(1) For all finitely generated submodules L1 and L2 of M satisfying the rad-
ical condition, L1 ∩ L2 satisfies the radical condition.

(2) For all submodules L1 and L2 of M satisfying the radical condition,
L1 ∩ L2 satisfies the radical condition.

Moreover, the analogous statements also hold if we replace the “radical condi-
tion” by the “p-radical condition” in the above.

Theorem 3. Let M be a finitely generated R-module and L satisfies the p-
radical condition. Then Lp is a submodule of Mp satisfying the pp-radical
condition.
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Proposition 5. Let M be an R-module and L be a submodule of M satisfying
the radical condition(resp. the p-radical condition). Then

√
L is a submodule

satisfying the radical condition (resp. the p-radical condition).

Proposition 6. Let R be a ring and M be an R-module. If N , L are primary
submodules which satisfy the radical condition and

√
N =

√
L, then N ∩ L is

a primary submodule of M .

Let R be a ring and M be an R-module. A submodule N of M has a reduced
primary decomposition if there exist finitely many primary submodules Qi
such that N = Q1 ∩Q2 ∩ · · · ∩Qn with Qi + ∩

j 6=i
Qj for each i and

√
Qi : M 6=√

Qj : M for i 6= j. Moreover, if the submodules
√
Qi are distinct prime

submodules, we say that N has a module-reduced primary decomposition.

Proposition 7. Let R be a ring, M be a free R module and I be an ideal of R.

Let I =
i=n
∩
i=1
qi be a reduced primary decomposition of I such that qiM satisfies

the pi-radical condition i = 1, ..., n. Then IM =
i=n
∩
i=1
qiM is a module-reduced

primary decomposition of IM .

An R-module M is called a multiplication module provided for each submodule
N of M there exists an ideal I of R such that N = IM .

Theorem 4. Let R be a ring and M be a faithful multiplication module. If M
is primeful, then every proper submodule of M satisfies the radical condition.

Lemma 2. Let R be a ring, M be an R-module. Let N and L be submodules
of M which satisfy the radical condition and whenever N ∩ L ⊆ P we have
N ⊆ P or L ⊆ P for any prime submodule P of M . Then N ∩ L satisfies the
radical condition.

Theorem 5. Let R be a ring, M be multiplication R-module. Let N and L
be submodules of M which satisfy the radical condition. Then N ∩ L satisfies
the radical condition.

Theorem 6. Let R be a ring and M be an R-module. Let N and L be
submodules of M which satisfy the radical condition and (N : M) + (L : M) =
R. Then N ∩ L satisfies the radical condition.

Proof. Let P be a prime submodule of M containing N ∩L. Then N : M ∩L :
M ⊆ P : M and hence N : M ⊆ P : M , say. Since N : M + L : M = R we
have, therefore, L : M * P : M . Thus there exists r ∈ L : M\P : M . For any
n ∈ N , rn ∈ L and hence rn ∈ N ∩ L ⊆ P . Since P is prime, we get n ∈ P .
That is N ⊆ P . Now apply Lemma 2.
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Theorem 7. If M is a module over a one-dimensional domain R and N is a
primary submodule of M , then N satisfies the p-radical condition.

Proof. If N : M = 0, then clearly N is a prime submodule of M and hence
satisfies the 0-radical condition. Let N : M 6= 0. We will show that

√
N is

a prime submodule of M and then 0 (
√
N : M ⊆

√
N : M with dimR = 1

imply that
√
N : M =

√
N : M . For any prime submodule P of M containing

N , since R is one-dimensional,
√
N : M = P : M . Now, let rm ∈

√
N and

m /∈
√
N , where r ∈ R, m ∈ M . Then there exists a prime submodule P of

M containing N such that m /∈ P which implies that r ∈ P : M =
√
N : M .

That is
√
N is a prime submodule of M .
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problems

H. Barandak Imcheh1 , M. Zarebnia2 , R. Parvaz3

Abstract

In this paper, we study the linear algebraic systems arising from
MRLW problems. The solution of MRLW problem is approximated as a
linear combination of haar wavelet. We use the haar wavelet for space
integration and finite difference scheme formulae for time integration.
By using finite difference method and haar wavelet collocation method
we find the linear algebraic systems as AC = B. This algebraic system
can be solved by the gaussian elimination method. In next section, the
haar wavelet collocation method for the numerical solution of the MRLW
equation is described.

1 Introduction

The MRLW equation given by

ut + ux + αu2ux − µuxxt (1)

with u(a, t) = u(b, t) = 0 as boundary conditions and u(x, 0) = f(x) as initial
condition. In MRLW equation α and µ are positive constants. In recent years,
various type of methods have been used to estimate the solution of the MRLW
equation [1,2].

2 Description of the method

The Haar wavelet family for x ∈ [0, 1] is defined as follows,

hi(x) =


1, [ξ1, ξ2),

−1, [ξ2, ξ3),
0 elsewhere,

(2)
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Iran. zarebnia@uma.ac.ir
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82



where

ξ1 =
k

m
, ξ2 =

k + 0.5

m
, ξ3 =

k + 1

m
, (3)

where m = 2j , j = 0, . . . , J indicates the level of the wavelet; k = 0, 1, ...,m−1
is the translation parameter. We have i = m+ k + 1. For i=1 we consider

h1(x) =

{
1, [0, 1),
0 elsewhere.

(4)

In the first step to linearized the non-linear term u2ux, by using the Taylor
expansions we find

(u2ux)n+1 ≈ (un)2un+1
x + 2ununxu

n+1 − 2(un)2unx. (5)

By using above linearized formula and finite difference method we find

a1(x)un+1 + a2(x)un+1
x + a3(x)un+1

xxx = Ψn(x), (6)

where

a1(x) = 1 + αkununx/2, a2(x) = k/2 + αk(un)2/2, a3(x) = −µ,
Ψn(x) = un − µunxx − kunx/2 + αk(u2ux)n/2.

In above formula k is time step. We consider the approximation for unxx as
unxx(x) =

∑2m
i=1 c

n
i hi(x), where hi(x) are the haar wavelet. To continue we

introduce the following notations

Pi,1 :=

∫ x

0
hi(x)dx, Pi,v :=

∫ x

0
Pi,v−1(x)dx, Ci,1 =

∫ 1

0
Pi,1(x)dx. (7)

Also we consider the collocation points as xi = i−0.5
2m , i = 1, 2, . . . , 2m. Now

with integration of (2) and using the initial conditions and boundary condi-
tions, we find

unx(x) =
2m∑
i=1

cni

(
Pi,1(x)− Ci,1

)
, un(x) =

2m∑
i=1

cni

(
Pi,2(x)− xCi,1

)
. (8)

Now with substituting above formula into (6), we obtain system of equations.
The linear algebraic systems can be written as AC = B, where

A =

 Λ1,1 . . . Λ1,2m
...

...
...

Λ2m,1 . . . Λ2m,2m

 ,
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B = (Ψn(x1), ...,Ψn(x2m))T .

with

Λi,j :=
(
Pi,2(xj)− xjCi,1

)
+
(
Pi,1(xj)− Ci,1

)
+ hi(xj).

Solving this system we get the unknown quantity the Haar coefficients. We
note that if [a, b] 6= [0, 1], [a, b] must be changed into [0, 1] before applying
above method.
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Abstract

We prove that a finite free group can be determined in the class of
elementary pseudocomplemented normal subgroup lattices.

Keywords: Pseudocomplement, Subgroup lattice, Normal subgroup lattice.

Subjclass[2010] Primary: 06D15; Secondary: 20F45.

1 Introduction

Relationship between the structure of a group and the structure of its subgroup
lattice are important in group theory. One of the most interesting problems
concerning it is to study whether a group G is determined by the subgroup
lattice. It is an interesting question in group theory in how far the structure
of the subgroup lattice of a group determines the structure of the group itself.
This question in its pure form is quite old [1] and [2] and M. Suzuki spent
his early research years on this problem [3] and [4]. Let G be a group. We
know that there are many important properties of a group G which cannot be
recovered from properties of the lattice of all subgroups of G or the lattice of
all normal subgroups of G.

In the current paper, we investigate finite free groups which have normal
subgroup lattice which is pseudocomplemented. We obtain a complete classi-
fication of finite normal subgroup lattice which is pseudocomplemented, these
are called PKN-groups and it is proved that if m, n are positive integers, xm

is n-Engel, and z(G) is syclic, then G is the direct product of elementary
PKN-groups, for all x ∈ G.

2 Engel and orderable groups

The origin of Engel groups lies in the theory of Lie algebras. An element x
of a group G is called a (left) Engel element if for any g ∈ G there exists

1Farhangian universiy of Tabriz-Iran, math.dastouri@yahoo.com
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n = n(x, g) ≥ 1 such that [g,n x] = 1. Suppose first that [g,0 x]. and the
commutator [g,n x] = 1 is defined recursively by the rule

[g,n x] = 1 = [[g,n−1 x], x].

If n can be chosen independent of g, then x is a (left) n-Engle element. A
group G is called an n-Engel group if all elements of G are n-Engel. Recently
groups with n-Engel word-values were considered [5], [6]. In this paper n-Engel
elements are related to finite free groups and pseudocomplemented lattice.
Recall, the study of orderable groups has a long history, dating back to the
nineteenth century. Steady progress in understanding orderable groups was
made in the twentieth century by the work of many mathematicians, including
such notables as O. Holder, A. A. Vinogradov and W. Rudin. They discovered
that many interesting groups are orderable, including free groups, torsion-free
abelian groups and fundamental groups of many important topological spaces.

Recall that a partially ordered set (L, ≤) in which any pair of elements a and
b of L has a meet, a∧ b there exists the join, a∨ b any pair of elements a and
b, then L is said to be a lattice.
The group G is called orderable if there exists a full order relation ≤ on the
set G such that every pair of elements has a least upper bound and greatest
lower bound and for any x, y, a, b ∈ G:

x ≤ y =⇒ axb ≤ ayb.

Let G be a group. We will denote by L(G) the lattice of all subgroups of G
and by N(G) the lattice of all normal subgroups of G.

Definition 1. Let L is a lattice. An element a∗ ∈ L is called a pseudocom-
plement a of L if the following two conditions are satisfied:
1) a ∧ a∗ = 1,
2) a ∧ x = 0 (x ∈ L) implies x ≤ a∗.

By pseudocomplemented lattice, we mean a lattice (L, ∨, ∧) in which ev-
ery element has a pseudocomplement; and an algebra (L, ∨, ∧, ∗, 0, 1) where
(L, ∨, ∧, 0, 1) is a bounded lattice and where for every a ∈ L, the element
a∗ is the pseudocomplement of a. In a pseudocomplemented lattice L the set
S(L) = {x∗|x ∈ L} forms a lattice that is called the skeleton of L.

Definition 2. A group G is called a PKN-group if its lattice of normal sub-
groups N(G) is pseudocomplemented.
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We say that a PKN-group G is elementary if S(N(G)) = {{e}, G}. By γi(G),
we mean the i-th term of the lower central series of a group G. To prove the
main Theorem of this paper, we need to the following an Theorem of Burns
and Medvedev [7].

Theorem 1. Let n ≥ 1. Then exist constant c = c(n) and e = e(n) depending
only on n such that, if G is a finite n-Engel group, then the exponent of γc(G)
divides e.

In the free group G with ℵ generators, let [G, G] = G1, and let Gn+1 =
[G, Gn], where [H, K] stands for the subgroup generated by all commutator
x−1y−1xy, x ∈ H, y ∈ K. Then, by a theorem of Magnus and Witt, we will
have

⋂
Gn = 0, the group identity. On the other hand, if a group G has

a well-ordered central series ending with the identity such that all quotient-
groups Gn�Gn+1 are torsion-free, then G is orderable. Assume that K is
f.g torsion-free nilpotent. Then it is a residually finite p-group which p is a
prime number. As a result for any finitely generated subgroup K of G we
have γc(H) = 1 and here γc(G) = 1 and G is nilpotent of class at most c− 1
which c = c(n) in Theorem 1. Then G isomorphism to the direct product of
its Sylow subgroups, G ∼=

∏k
i=1Gi, where each Gi is a pi-group which cyclic

center and G is a finite nilpotent PKN-group and z(G) is syclic. Consequently,
we have the following Theorem:

Theorem 2. Let m, n be positive integers and G be finite free group. If z(G)
is syclic and xm is n-Engel, for all x ∈ G, then G is the direct product of
elementary PKN-groups

References

[1] A. Rottlaender, Nachweis der Existenz nicht-isomorpher Gruppen von
gleicher Situation der Untergruppen, Math. Z., 28(1)(1928), 641–653.

[2] R. Baer, The Significance of the System of Subgroups for the Structure
of the Group, Amer. J. Math., 61(1)(1939), 1–44.

[3] M. Suzuki, On the L-homomorphisms of finite groups, Amer. J. Math.,
61(1)(1939), 1–44.

[4] M. Suzuki, On finite groups with cyclic Sylow subgroups for all odd
primes, Amer. J. Math., 77(1955), 657–691.

[5] R. Bastos, P. Shumyatsky, A. Totora, and M. Tota, On groups admitting
a word whose vaues are Engle, Int. Algebra comput., 23(1)(2013), 81–89.

87



[6] P. Shumyatsky, A. Tortora, and M. Tota, On locally graded groups with
a word whose values are Engle, arXiv: 1305.3045vl[math.GR].

[7] R. G. Burns and Y. Medvedev, A note on Engle groups and local nipotent,
J. Austral Math. Soc. Ser. A, 64(1)(1998), 92–100.

88



4th Seminar on Algebra and its Applications

August 9–11, 2016, University of Mohaghegh Ardabili

Some remarks about graded φ-prime submodules

M. Ebrahimpour1

Abstract

Assume that G be an abelian group with the identity e, R be a G-
graded commutative ring, M be a graded R-module, S(M) be the set
of all submodules of M and φ : S(M) → S(M) ∪ {∅} be a function. In
this paper we define the graded φ-prime submodules of a graded unital
module and study some properties of these submodules and give some
characterizations of them.

AMS subject Classification 2010: 13A02, 16W50.
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1 Introduction

Prime ideals and prime submodules play a central role in commutative ring
theory. Some generalizations of prime ideals and prime submodules have been
investigated in [1-5,7,9]. Also, these cocepts have been studied over graded
rings and graded modules in [6,8,10,11]. In this paper we introduce the concept
of graded φ-prime submodules, investigate some properties of these submod-
ules and give some characterizations of them.
Let us to introduce some notations of this paper. Let G be an abelian group
with the identity e. We say that a commutative ring R with non-zero identity
together with a direct sum decomposition (as an additive group) R = ⊕g∈GRg
with the property that RgR

′
g ⊆ Rgg′ for every g, g′ ∈ G . Note that h(R) =

∪g∈GRg. The summands Rg are called homogeneous components and elements
of these summands are called homogeneous elements. Also, Re is a subring of
R with 1R ∈ Re.
Let R be a G-graded ring and M be an R-module. We say that M is a
graded R-module if there exists a family of additive subgroups {Mg}g∈G of M
such that M = ⊕g∈GMg (as abelian groups), and RgMg′ ⊆ Mgg′ , for every

1Department of Mathematics, Faculty of Sciences, Vali-e-Asr University, P.O.Box 518,
Rafsanjan, Iran, Email: m.ebrahimpour@vru.ac.ir
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g, g′ ∈ G. We write h(M) = ∪g∈GMg. If M is a graded R-module, then Mg

is an Re-module for every g ∈ G. The submodule N of M is called a graded
submodule, if N = N ⊕g∈GNg where Ng = N ∩Mg, for every g ∈ G. Then Ng

is called the g-component of N . Moreover, M
N is a G-graded R-module with

g-component (MN )g =
(Mg+N)

N .

Let S(M) be the set of all submodules of M and φ : S(M)→ S(M)∪{∅}be a
function. In some special cases we have φ∅(N) = ∅, φ0(N) = 0 and φn(N) =
(N :R M)n−1N , where N ∈ S(M) and n ≥ 2 is a positive integer. Since
N \ φ(N) = N \ (N ∩ φ(N)), throughout this paper we will assume that
φ(N) ⊆ N .

Let R be a G-graded ring, M be a graded R-module, N,L be two graded
submodules of M with L ⊆ N and φ : S(M)→ S(M)∪{∅} be a function. We

have the function φL : S(ML )→ S(ML )∪{∅} with φL(NL ) = φ(N)+L
L , if φ(N) 6= ∅

and φL(NL ) = ∅, if φ(N) = ∅. Let S be a multiplicatively closed subset of h(R).
We have the function φS : MS →MS∪{∅} with φS(NS) = φ(N)S , if φ(N) 6= ∅
and φS(NS) = ∅, if φ(N) = ∅.

2 Main Results

Definition 1. Let R be a G-graded ring, M be a graded R-module, N be
a graded submodule of M and φ : S(M) → S(M) ∪ {∅}, φg : S(Mg) →
S(Mg) ∪ {∅} be two functions, where g ∈ G.

(i)The proper subodule Ng of the Re-module Mg is a graded φg-prime sub-
module if a ∈ Re and m ∈ Mg together with am ∈ Ng \ φg(Ng) imply either
a ∈ (Ng :Re Mg) or m ∈ Ng.

(ii) N is a graded φ-prime submodule of M , if N 6= M and a ∈ h(R), m ∈
h(M) together with am ∈ N \ φ(N) imply either a ∈ (N :R M) or m ∈ N .

Now, we show that the concepts of graded φ-prime submodule and φ-prime
submodule are not the same.

Example 1. Let R = Z+iZ, G = Z2, M = R as R-module and N = 2Z+i2Z.
Then N is a graded submodule of M , (N :R M) = N and (N :R M)n−1N =
2nM , for n ≥ 2. This is easy to show that N is graded φn-prime. We show that
N is not φn-prime as a submodule of M . Since (1− i)(1 + i) = 2 ∈ N \φn(N)
and neither (1− i) ∈ (N :R M) nor (1 + i) ∈ N .

Theorem 1. Let R be a G-graded ring, M be a graded R-module, N,L be
two graded submodules of M with L ⊆ N and φ : S(M) → S(M) ∪ {∅} be a
function. Then
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(i) If N is a graded φ-prime submodule of M , then N
L is a grade φL-prime

submodule of M
L .

(ii) If N
L is a graded φL-prime submodule of M

L and L ⊆ φ(N), then N is a
grade φ-prime submodule of M .

Theorem 2. Let R be a G-graded ring, M be a graded R-module, N,L be two
graded submodules of M with L + N 6= M and φ : S(M) → S(M) ∪ {∅} be a
function. If L be a graded φ-prime submodule of M and L ⊆ φ(N + L), then
N + L is a graded φ-prime submodule of M .

Theorem 3. Let R be a G-graded ring, M be a graded R-module, N be a
graded submodules of M and φg : S(Mg)→ S(Mg) ∪ {∅} be a function, where

g ∈ G.Then Ng is a graded φg-prime submodule of Mg if and only if
Ng

φg(Ng) is

a graded φ0-prime submodule of
Mg

φg(Ng) .

Theorem 4. Let R be a G-graded ring, M be a graded R-module, N be a
graded submodules of M and φ : S(M) → S(M) ∪ {∅} be a function.Then N
is a graded φ-prime submodule of M if and only if N

φ(N) is a graded φ0-prime

submodule of M
φ(N) .

Next we give some characterizations of graded φg-prime submodules.

Theorem 5. Let R be a G-graded ring, M be a graded R-module, N be a
graded submodule of M and φg : S(Mg) → S(Mg) ∪ {∅} be a function. The
following conditions are equevalent:

(i) Ng is a graded φg-prime submodule of the Re-module Mg.

(ii) If m ∈Mg \Ng, then (Ng :Re m) = (Ng :Re Mg) ∪ (φg(Ng) :Re m).

(iii) If m ∈ Mg \ Ng, then (Ng :Re m) = (Ng :Re Mg) or (Ng : Rem) =
(φg(Ng) :Re m).

(iv) If IK ⊆ Ng and IK 6⊆ φg(Ng), then I ⊆ (Ng :Re Mg) or K ⊆ Ng, where
I is an ideal of Re and K is a submodule of Mg.

Theorem 6. Let R be a G-graded ring, M be a graded R-module, φ : S(M)→
S(M) ∪ {∅} be a function, N be a graded φ-prime submodule of M and S be
a multiplicatively closed subset of h(R) with S ∩ (N :R M) = ∅. Then NS is a
graded φS-prime submodule of MS.

Let R be a G-graded ring, M be a graded R-module, φ : S(M)→ S(M)∪{∅}
be a function, N be a graded submodule of M and I = (N :R M). Then M

N
is a grade R

I module with (r + I)(m + N) = rm + N , where r ∈ h(R) and
m ∈ h(M).
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Definition 2. Let R be a G-graded ring, M be a graded R-module. A non-zero
homogeneous element m ∈ h(M) is semi-zero-divisor on M if there exists a
0 6= r ∈ h(R) such that rx = 0.

Theorem 7. Let R be a G-graded ring, M be a graded R-module, φ : S(M)→
S(M) ∪ {∅} be a function, N be a graded φ-prime submodule of M with I =
(N :R M). If x + N ∈ h(MN ) is a semi-zero-divisor on R

I -module M
N , then

(N : M)x ⊆ φ(N).
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Abstract

Let G be a group with identity e, R be a G-grader commutative ring,
M be a graded R-module, S(M), S(Mg) be the sets of all submodules of
M,Mg, respectively and φ : S(M)→ S(M)∪{∅}, φg : S(Mg)→ S(Mg)∪
{∅} be two functions, where g ∈ G. In this paper, we introduce the
concepts of φ-graded-2-absorbing and φg-graded-2-absorbing submodules
and study some basic properties of them.
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1 Introduction

Let R be a graded commutative ring with 1 6= 0. In [7], Refai and Al-Zoubi
have introduced the concept of graded prime ideals. Let M be a graded R-
module. The concept of graded prime submodule have been studied in [1,4].
In [2], Atani has studied the graded weakly prime submodules.
In this paper, we study φ-graded-2-absorbing submodules of graded modules
over graded commutative rings. Now, we introduce some notations and ter-
minologies. Let G be a group with identity e and R be a commutative ring.
Then R is a G-graded ring if there exist additive subgroups Rg of R such that
R = ⊕g∈GRg and Rg1Rg2 ⊆ Rg1g2 for all g1, g2 ∈ G. The elements of Rg are
called homogeneous of degree g. Let r ∈ R, then r can be written uniquely as∑

g∈G rg, where rg is the component of r in Rg . We write h(R) = ∪g∈GRg.
Also, Re is a subring of R with 1R ∈ Re .
Let R be a G-graded ring and M be an R-module. We say that M is a G-
graded R-module (or graded R-module), if there exist subgroups Mg of M such
that M = ⊕g∈GMg (as abelian groups) and Rg1Mg2 ⊆Mg1g2 for all g1, g2 ∈ G.

1Department of Mathematics, Faculty of Sciences, Vali-e-Asr University, P.O.Box 518,
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We write h(M) = ∪g∈GMg and the elements of h(M) are called homogeneous.
Let M = ⊕g∈GMg be a graded R-module and N be a submodule of M . Then
N is called a graded submodule of M if N = ⊕g∈GNg, where Ng = N∩Mg, for
g ∈ G. Also, Ng is called the g-component of N . Moreover, M

N is a G-graded

R-module with g-component (MN )g =
(Mg+N)

N , where g ∈ G, see [5].
A graded R-module M is said to be graded cyclic if M = Rm for some
m ∈ h(M). In [3,7], the concepts of graded 2-absorbing, weakly graded 2-
absorbing, graded prime and graded weakly prime ideals have been studied.
In [1,2,4,6], the concepts of graded prime and graded weakly prime submodules
have been introduced. A proper graded submodule N of a graded module M
is said to be graded prime (resp., graded weakly prime) submodule if whenever
r ∈ h(R) and m ∈ h(M) together with rm ∈ N (resp., 0 6= rm ∈ N) imply
r ∈ (N :R M) or m ∈ N . The proper graded submodule Ng of Re-module Mg

is called a g-graded-2-absorbing submodule of Mg if r, s ∈ Re and m ∈ Mg

together with rsm ∈ Ng imply rs ∈ (Ng :Re Mg) or rm ∈ Ng or sm ∈ Ng.
We say that the proper submodule N of the graded R-module M is a graded-
2-absorbing submodule of M , if r, s ∈ h(R) and m ∈ h(M) together with
rsm ∈ N imply rs ∈ (N :R M) or rm ∈ N or sm ∈ N .
Let S(M) be the set of all submodules of M , n ≥ 2 be a positive integer
and φ : S(M) → S(M) ∪ {∅}be a function. In some special cases we have
φ∅(N) = ∅, φ0(N) = 0 and φn(N) = (N :R M)n−1N , where N ∈ S(M).
Since N \ φ(N) = N \ (N ∩ φ(N)), so without loss of generality, throughout
this paper we will consider φ(N) ⊆ N .

2 Main Results

Definition 1. Let R be a G-graded ring, M be a graded R-module and N
be a proper graded submodule of M . Also let φ : S(M) → S(M) ∪ {∅} and
φg : S(Mg)→ S(Mg) ∪ {∅} be two functions, where g ∈ G.
(i) We say that a proper submodule Ng of Re-module Mg is a φg-graded-2-
absorbing submodule if r, s ∈ Re and m ∈Mg together with rsm ∈ Ng \φg(Ng)
imply rs ∈ (Ng :Re Mg) or rm ∈ Ng or sm ∈ Ng.
(ii) We say that N is a φ-graded-2-absorbing submodule of M if r, s ∈ h(R)
and m ∈ h(M) together with rsm ∈ N \φ(N) imply rs ∈ (N :R M) or rm ∈ N
or sm ∈ N .

This is clear that a graded-2-absorbing submodule of M (resp., a g-graded-
2-absorbing submodule Ng of R − e-module Mg) is a φ-graded-2-absorbing
submodule of M (resp., a φg-graded-2-absorbing submodule of Mg). But the
converse is not true, in general. For example, let φ 6= φ∅. We know that {0} is
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a φ-graded-2-absorbing submodule of M (resp., a φg-graded-2-absorbing sub-
module of Mg) (by definition). But {0} is not a graded-2-absorbing submodule
of M (resp., a g-graded-2-absorbing submodule of Mg), in general.

Example 1. Let R = Z + iZ, G = Z2 and M = Z54[i]. We know that M
is a graded R-module. Let N =< 27 + i27 >. We have (N : M) = 27R and
N = (N : M)kN , for all k ≥ 1. So N is a φn-graded-2-absorbing submodule,
for all n ≥ 2. Then 3i(3)(3) = 27i ∈ N but 9i 6∈ (N : M) and 9i 6∈ N and
9 6∈ N . So N is not a graded-2-absorbing submodule of M .

Theorem 1. Let R be a G-graded ring, M be a graded R-module and N be
a graded submodule of M . Let φ : S(M) → S(M) ∪ {∅} and φg : S(Mg) →
S(Mg)∪{∅} be two functions with φg(Ng) = φ(N)∩Mg, where g ∈ G. If N is
a φ-graded-2-absorbing submodule of M , then Ng is a φg-graded-2-absorbing
submodule of the Re-module Mg.

Theorem 2. Let R be a G-graded ring, M be a graded R-module, N be a
graded submodule of M and φ : S(M)→ S(M)∪{∅} be a function that reverse
the inclusion. If N is an intersection of two φ-graded prime submodules of M ,
then N is a φ-graded-2-absorbing submodule of M .

Theorem 3. Let R be a G-graded ring, M be a graded R-module, N be a
graded submodule of M and φ : S(M) → S(M) ∪ {∅} be a function. If N
is a φ-graded primary submodule of M and R

(N :RM) has no nonzero nilpotent
element, then N is a φ-graded-2-absorbing submodule of M .

Theorem 4. Let R be a G-graded ring, M be a graded cyclic R-module, N
be a graded submodule of M and φ : S(M) → S(M) ∪ {∅} and φ′ : S(R) →
S(R) ∪ {∅} be two functions with φ′((N :R M)) = (φ(N) :R M). Then N is a
φ-graded-2-absorbing submodule of M , if and only if (N :R M) is a φ′-graded-
2-absorbing ideal of R.

Theorem 5. Let R be a G-graded ring, M be a graded R-module, g ∈ G,
φg : S(Mg) → S(Mg) ∪ {∅} be a function, x ∈ Mg and r ∈ Re. Then the
following hold:

(i) Let (φg(rMg) :Mg r) ⊆ rMg. The Re-submodule rMg is a φg-graded-2-
absorbing submodule of Mg if and only if it is a g-graded-2-absorbing submodule
of Mg.

(ii) Let (φg(Rex) :Re x) ⊆ (Rex :Re Mg). The Re-submodule Rex is a φg-
graded-2-absorbing submodule of Mg if and only if it is a g-graded-2-absorbing
submodule of Mg.
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Lemma 1. Let R be a G-graded ring, M be a graded R-module and N be a
graded submodule of M . Let g ∈ G, φg : S(Mg)→ S(Mg) ∪ {∅} be a function
and Ng be a φg-graded-2-absorbing submodule of the Re-module Mg. Let a, b ∈
Re and m ∈Mg together with abm ∈ Ng, am, bm 6∈ Ng and ab 6∈ (Ng :Re Mg).
The following conditions hold:
(i) abm ∈ φg(Ng).
(ii) abNg ⊆ φg(Ng).
(iii) a(Ng :Re Mg)m, b(Ng :Re Mg)m ⊆ φg(Ng).
(iv) (Ng :Re Mg)

2m ⊆ φg(Ng).
(v) a(Ng :Re Mg)Ng, b(Ng :Re Mg)Ng ⊆ φg(Ng).

In Theorem 6, we provide a condition under which a φg-graded-2-absorbing
submodule of Mg is a g-graded-2-absorbing submodule.

Theorem 6. Let R be a G-graded ring, M be a graded R-module and N
be a graded submodule of M . Let g ∈ G, φg : S(Mg) → S(Mg) ∪ {∅} be a
function and (Ng :Re Mg)

2Ng 6⊆ φg(Ng). Then Ng is a φg-graded-2-absorbing
submodule of the Re-module Mg if and only if Ng is a g-graded-2-absorbing
submodule of Mg.
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Abstract

In this paper F (A,L) denote the set of all lattice-valued functions(briefly,
L-valued functions) from a Q-algebra unit strong f -ring A into a frame
L. We require to conditions which these are bounded, continuous and
Q-compatible.
The mapping cr : A→ L given by cr(a) = coz(ãc), is called realize of c,
and cr(a) ≤ c(a), for every a ∈ A, always.
The prove that

r : F (A,L)→ F (A,L), c� cr

is a nucleus.
Also, if c ∈ F (A,L) is Q − compatible, then cr ∈ F (A,L) will be

Q− compatible.
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1 Introduction and Preliminaries

In this article A is a strong f -ring Q-algebra and L is a frame. We recall some
basic definitions frome frame, coz-maps, see([2], [1], [4]).
Also, briefly review some basic definitions and results from f -ring needed for
the next section. Interested readers are referred to the standard text books
on frame as [2], and on f -rings such as [1], and on C(X) such as [4].
Recall from Frame real that the frame LR of reals is obtained by taking the or-
dered pairs (p, q) of rational numbers as generators and imposing the following
relations:

1aaestaji@hsu.ac.ir
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(R1) (p, q) ∧ (r, s) = (p ∨ r, q ∧ s).

(R2) (p, q) ∨ (r, s) = (p, s) whenever p ≤ r < q ≤ s.

(R3) (p, q) =
∨
{(r, s)|p < r < s < q}.

(R4) > =
∨
{(p, q)| p, q ∈ Q}.

Note that the pairs (p, q) in LR and the open intervals 〈p, q〉 = {x ∈ Q : p <
x < q} in the frame OR of open sets have the same role; in fact there is a
frame isomorphism λ : LR → OR such that λ(p, q) = 〈p, q〉[2]. The set RL
of all frame homomorphisms from LR to L has been studied as an f -ring in
[1],[2].
A nucleus on a locale B is a function j : A −→ B satisfying
(i) j(a ∧ b) = j(a) ∧ j(b), (ii) a ≤ j(a), (iii) j(j(a)) ≤ j(a), for all a, b ∈ B.
Accordingly, the aim of this paper is to show how various facts in f -rings
connected with lattice-valued function. In this paper, the concept of a realized
lattice-valued function is introduced and we show that if c is a realizable, then
r : F (A,L)→ F (A,L)) given by r(c) = cr is a nucluse(see Theorem 9).

2 main result

A mapping c : A→ L is called a lattice-valued function (briefly, L-function) on
A. Let F (A,L) denote the set of all lattice-valued functions from a Q-algebra
unit strong f -ring A into a frame L.

Definition 1. If A is a Q-algebra, then for a ∈ A and r, s ∈ Q, define

δars = (a− r)+ ∧ (s− a)+.

Definition 2. The lattice-valued function c ∈ F (A,L) is called continuous if
for every p, q ∈ Q and x ∈ A, c(δxpq) =

∨
r,s∈Q,

p<r<s<q
c(δxrs).

Definition 3. A lattice-valued function c ∈ F (A,L) is called bounded if for
every p, q ∈ Q and x ∈ A,

∨
p,q∈Q c(δ

a
pq) = >.

Definition 4. For a ∈ A and c ∈ F (A,L), we define a mapping ãc : LR→ L
given with ãc(p, q) = c(δapq), for all p, q ∈ Q.

We now introduce several L-function conditions which will occur frequently.
The symbols on the left will be used to denote the conditions. Let c : A→ L
be a lattice-valued function.
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c1: c(0) = ⊥.

c2: For every x ∈ A, if x ∈ A is a unit, then c(x) = >.

c3: For every x, y ∈ A, if x, y ≥ 0, then c(x+ y) = c(x) ∨ c(y).

c4: For every x ∈ A, c(|x|) = c(x).

Definition 5. A lattice valued-function c : A → L is called realizable, if
ãc ∈ RL, for every a ∈ A.

Theorem 1. Let c ∈ F (A,L) be a bounded continuous map. If c satisfies
conditions c2, c3 and c4, then ãc ∈ RL, for every a ∈ A.

Definition 6. Let c ∈ F (A,L) be a bounded continuous function. If � :
Q × Q → Q is continuous function, then c is called Q-�-compatible, if for
each a, b ∈ A and each r, s, w, z, p, q ∈ Q; c(δars) ∧ c(δbwz) ≤ c(δa�bpq ), wherever
< r, s > � < w, z >⊆< p, q >. Also, if for every � ∈ {+, ·,∨,∧}, c is Q-�-
compatible, then c is called Q-compatible.

Definition 7. Let c ∈ F (A,L) be a realizable L-function. Then we define

cr : A −→ L, a 7−→ coz(ϕc(a)).

Also, cr is called realize of c. Now, we will said the some of properties cr:

Theorem 2. Let c ∈ F (A,L) be a bounded continuous function. For c ∈
F (A,L), if c saticfy in conditions c1, c2, c3 and c4 then cr saticfy in conditions
c1, c2, c3 and c4.

Theorem 3. Let c ∈ F (A,L) be a realizable. If c satisfies conditions c3 and
c4, then cr(a) ≤ c(a), for every a ∈ A.

remark: Consider coz : RL→ L. By Lemma 6 of [2], we have coz((α−p)+∧c
(q − α)+) = α(p, q). So coz is realizable and its realize is itself.

Note: If p is a prime element of a frame L and α ∈ RL, then p̃(α) = 0 if and
only if coz(α) ≤ p see, [3]. Let c ∈ F (A,L) and ãc ∈ RL, then p̃(ãc) = 0 if
and only if coz(ãc) ≤ p.

Theorem 4. Let c ∈ F (A,L) be a bounded continuous function. If c is a

Q-compatible, then for r, s ∈ Q and a ∈ A, ϕc(δ
a
rs) = δ

ϕc(a)
rs .

Theorem 5. Let c ∈ F (A,L) be a bounded continuous function. If c is a
Q-compatible, then cr is a Q-compatible.
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Definition 8. The partial ordering on F (A,L) is defined by:

c1 ≤ c2 if and only if c1(x) ≤ c2(x) for all x ∈ A.

That this is a partial ordering relation follows from the fact that L is ordered.

It is clear that for every c, c1, c2 ∈ F (A,L) and {cλ}λ∈Λ ⊆ F (A,L),

(c1 ∧ c2)(x) = c1(x) ∧ c2(x) and (
∨
λ∈Λ cλ)(x) =

∨
λ∈Λ cλ(x), for all x ∈ A.

In addition, c ∧
∨
λ∈Λ cλ =

∨
λ∈Λ cλ ∧ c. Therefore F (A,L) is a frame.

Theorem 6. Let T = {c ∈ F (A,L) |c is a Q− compatible}, then (T, ≤) is a
∧-semi lattice.

Theorem 7. Let c1, c2 ∈ F (A,L) be realizables with c1 ≤ c2. If c satisfies in
conditions c1, c3 and c4 then cr1 ≤ cr2.

Theorem 8. Let c ∈ F (A,L) be a bounded continuous function. If c ∈
F (A,L) satisfies conditions c2, c3 and c4, then the following statements hold:
1. cϕc = cr. 2. ϕ

cr
= ϕc.

By attention to previous theorem coz(ϕcr) = coz(ϕc), then crr = cr.

Theorem 9. Let c ∈ F (A,L) be a bounded continuous function. If c ∈
F (A,L) satisfies conditions c2, c3 and c4, then r : F (A,L) → F (A,L) given
by r(c) = cr is a nucleus.

References

[1] B. Banaschewski, Pointfree topology and the spectra of f-rings, Ordered

algebraic structures (curacoa, 1995), Kluwer Acad. Publ., Dordrecht,

(1997), 123-148.

[2] B. Banaschewski, The real numbers in pointfree topology, Texbs de math-

ematical(seria B), vol. 12. university of coimbra, Department de mathe-

maticae, coimbra(1997).

[3] A. A. Estaji, A. Karimi Feizabadi and M. abedi, Zero set in pointfree

topology and strongly z-ideals, Bull. Iranian Math.soc. Vol. 41(2015),

No. 5, pp. 1071-1084.

[4] L. Gilman and M.Jerison, Rings of continuous functions, Springer-Velag,

1979.

100



4th Seminar on Algebra and its Applications

August 9–11, 2016, University of Mohaghegh Ardabili

Fuzzy ideals and semiprime fuzzy ideals in
semigroups

Nesa Eshaghi1

Abstract

In this dissertation, at first with this assumption that L is a com-
plete lattice, ϕ is a weak pseudo-t-norm on L and (X, .;L,ϕ) is a fuzzy
semigroup (ϕ-semigroup, for short), the concept of a ϕ-fuzzy ideal of a
ϕ-semigroup X is introduced and then it is shown that ϕ-fuzzy ideal for
every weak pseudo-t-norm on L. Also, it is shown that ϕ-fuzzy ideal and
fuzzy idael in ϕ-semigroup are equivalent when ϕ is a weak pseudo-t-
norm on L. After that, a representation of a fuzzy ideal A of X which is
a union of some principle fuzzy ideals is presented.

In addition, it is proved that the lattice of all ϕ-fuzzy ideals of X is
a complete sublattice of the lattice of all fuzzy sets in X when ϕ is an
infinitely ∨-distributive weak pseudo-t-norm on L. Then, multiplication
operation ϕ∗ on the set F (X,L) of all mappings A : X → L is defined
using different norms on L. Also, the relationship between properties of
ϕ and ϕ∗ are investigated and then, it is shown that the operation ϕ∗

on a ϕ-semigroup X will be a weak pseudo-t-norm on F (X,L) if ϕ is an
infinitely ∨-distributive weak pseudo-t-norm on L. Finaaly, the concept
of ϕ-semiprime fuzzy ideal of a ϕ-semigroup X is started and a descrip-
tion of all ϕ-semigroups, in which every ϕ-fuzzy ideal is ϕ-semiprime, is
provided.
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Abstract

In this paper we study semiprime and almost semiprime ideals of a
commutative semiring with nonzero identity. Also, we give some proper-
ties of such ideals.

1 Introduction

This paper is concerned with generalizing some results of ring theory to semir-
ing theory. Several authors have studied over semirings, see, for example [1],
[2] and [4]. Weakly prime ideals in a commutative ring with nonzero identity
have been introduced and studied in [3]. Weakly primary ideals in a com-
mutative semiring with nonzero identity have been introduced and studied in
[5]. Here we study semiprime and almost semiprime ideals of a commutative
semiring with nonzero identity. Also, We give some properties of semiprime
ideals of a semiring R. For example, we show that semiprime subideals of
secondary ideals are secondary. Throughout this work R will denote a com-
mutative semiring with nonzero identity.

2 Semiprime ideals in commutative semirings

Definition 1. A proper ideal P of a commutative semiring R with nonzero
identity is said to be semiprime if akb ∈ P where a, b ∈ R and k ∈ Z+, then
ab ∈ P .

It is clear that every prime ideal is a semiprime ideal, but the converse is not
true in general. For example, let R = Z30 be the semiring of positive integers
modulo 30 and I =< 6 >. The ideal I is semiprime, but it is not prime.

1Department of Mathematics, Payame Noor University (PNU), 19395-3697 Tehran, Iran
Email: f farzalipour@pnu.ac.ir

2Department of Mathematics, Payame Noor University (PNU), 19395-3697 Tehran, Iran
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Because 2.3 ∈ I, but 2 6∈ I and 3 6∈ I.

The semiprime ideals of semiring Z∗ = Z+ ∪ 0 are 0, pZ∗ and p1p2...pnZ
∗

where p and pi (i = 1, 2, ..n) are prime numbers of Z∗.

Proposition 1. Let R be a semiring, P a semiprime ideal of R and a ∈ R.
Then
(i) If a ∈ P , then (P : a) = R.
(ii) If a 6∈ P , then (P : a) is a semiprime ideal of R.

Proposition 2. Let R be a semiring and I an ideal of R. If P be a semiprime
ideal of R such that In ⊆ P for some n ∈ N , then I ⊆ P . Also, if In = P for
some n ∈ N , then I = P .

Proposition 3. Let R = R1 × R2 where Ri for i = 1, 2, is a commutative
semiring with nonzero identity. Then the following hold:
(i) P1 is a semiprime ideal of R1 if and only if P1 × R2 is a semiprime ideal
of R.
(ii) P2 is a semiprime ideal of R2 if and only if R1 × P2 is a semiprime ideal
of R.

Theorem 1. Let I be a secondary ideal of a commutative semiring R. Then
if Q is a semiprime subideal of I, then Q is a secondary ideal of R.

Theorem 2. Let I be a secondary ideal of a commutative semiring R. Then
if Q is a semiprime ideal of R, then Q ∩ I is a secondary ideal of R.

Let R be a semiring and let S be multiplicatively closed subset of R. Define
a relation on R× S as follows: for (a, s), (b, t) ∈ R× S, we write (a, s) ∼ (b, t)
if and only if at = bs. Then ∼ is a equivalence relation on R × S. For
(a, s) ∈ R × S, denote the equivalence class of ∼ which contains (a, s) by
a/s, and denoted the set of all equivalence classes of ∼ by RS . Then RS can
be given the structure of a commutative semiring under operations for which
a/s+ b/t = (ta+ sb)/st, (a/s)(b/t) = ab/st for all a, b ∈ R and s, t ∈ S. This
new semiring RS is called the semiring of fractions of R with respect to S, its
zero element is 0/1, its multiplicative identity element is 1/1 and each element
of RS has a multiplicative inverse in RS (see [8] and [9]). Now suppose that I
be an ideal of a semiring R. The ideal generated by I in RS , that, is that of all
finite sums s1a1 + ...+ snan where ai ∈ I and si ∈ RS , is called the extension
of I to RS , and it is denoted by IS . Again if J is an ideal of RS , then by the
contraction of J in R we mean J ∩ R = {r ∈ R : r/1 ∈ J}, which is an ideal
of R.‘
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Proposition 4. Let R be a commutative semiring and S be a multiplication
closed subset of R. If P is a semiprime ideal of R, then PS is a semiprime
ideal of RS.

Proposition 5. Let (R,P ) be a local semiring with k-maximal ideal P and
S = R−P . Then I is a semiprime ideal of R if and only if IP is a semiprime
ideal of RP .

study semiprime ideals in quotient semirings.

An ideal I of a semiring R is called partitioning ideal (=Q-ideal) if there exists
a subset Q of R such that
1) R =

⋃
{q + I : q ∈ Q}.

2) If q1, q2 ∈ Q, then (q1 + I) ∩ (q2 + I) 6= ∅ ⇔ q1 = q2 [2].

Let I be a partitioning ideal of a semiring R. Then R/I(Q) = {q + I : q ∈ Q}
forms a semiring under the following addition

⊕
and scaler multiplication⊙

, (q1 + I)
⊕

(q2 + I) = q3 + I where q3 is a unique element of Q such that
q1 + q2 + I ⊆ q3 + I and (q1 + I) � (q1 + I) = q4 + I where q4 ∈ Q is unique
such that q1q2 + I ⊆ q4 + I. This semiring R/I(Q) is called the quotient
semiring of R by I. By definition of Q-ideal, there exists a unique q0 ∈ Q such
that 0 + I ⊆ q0 + I. Then q0 + I is a zero element of R/I. Clearly, if R is
commutative, then so is R/I (see [2]).

Theorem 3. Let I be a Q-ideal of R and P a k-ideal of R with I ⊆ P . Then
P is a semiprime ideal of R if and only if P/I(Q∩P ) is a semiprime ideal of
R/I(Q) .

3 Almost semiprime ideals in commutative semir-
ings

Definition 2. A proper ideal P of a commutative semiring R with nonzero
identity is said to be almost semiprime if akb ∈ P − P 2 where a, b ∈ R and
k ∈ Z+, then ab ∈ P .

Proposition 6. Let R be a commutative semiring and let P be a proper k-
ideal of R. Then the following assertion are equivalent.
(i) P is a almost semiprime ideal of R.
(ii) For a ∈ R and k ∈ Z+; (P : Rak) = (P : Ra) ∪ (P 2 : Rak).
(iii) For a ∈ R and k ∈ Z+; (P : Rak) = (P : Ra) or (P : Rak) = (P 2 : Rak).
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Proposition 7. Let R = R1 × R2 where Ri for i = 1, 2, is a commutative
semiring with nonzero identity. Then the following hold:
(i) P1 is a almost semiprime ideal of R1 if and only if P1 × R2 is a almost
semiprime ideal of R.
(ii) P2 is a almost semiprime ideal of R2 if and only if R1 × P2 is a almost
semiprime ideal of R.

Proposition 8. Let R be a commutative semiring and S be a multiplication
closed subset of R. If P is a almost semiprime ideal of R, then PS is a almost
semiprime ideal of RS.

Proposition 9. Let (R,P ) be a local semiring with k-maximal ideal P and
S = R − P . Then I is a almost semiprime ideal of R if and only if IP is a
almost semiprime ideal of RP .

Theorem 4. Let I be a Q-ideal of R and P a k-ideal of R with I ⊆ P .
Then P is a almost semiprime ideal of R if and only if P/I(Q∩P ) is a almost
semiprime ideal of R/I(Q).
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Abstract

In this paper, the structure of Jordan derivable maps on triangular
rings by commutative zero products is given. Our main result generalizes
the main result of [J. H. Zhang and W. Y. Yu, Jordan derivations of
triangular algebras, Linear Algebra Appl. 419 (2006), 251–255].

Keywords: Jordan derivable; Jordan generalized derivation; trian-
gular ring.
MSC(2010): 16W25; 15A78; 47B47; 47B49.

1 Introduction

Throughout this paper all rings are associative. Let R be a unital ring with
centre Z(R). Recall that an additive map δ : R → R is said to be a Jordan
derivation (or generalized Jordan derivation) if δ(xy + yx) = δ(x)y + xδ(y) +
δ(y)x+yδ(x) (or δ(xy+yx) = δ(x)y+xδ(y)+δ(y)x+yδ(x)−xδ(1)y−yδ(1)x)
for all x, y ∈ R. It is called a derivation (or generalized derivation) if δ(xy) =
δ(x)y+xδ(y) (or δ(xy) = δ(x)y+xδ(y)−xδ(1)y) for all x, y ∈ R. Clearly, each
(generalized) derivation is a (generalized) Jordan derivation. The converse is,
in general, not true.
The question under what conditions that a map becomes a (generalized)
derivation or (generalized) Jordan derivation attracted much attention of math-
ematicians. Herstein[7] proved that every Jordan derivation from a 2-torsion
free prime ring into itself is a derivation. Brešar [2] showed that every Jor-
dan derivation from a 2-torsion free semiprime ring into itself is a derivation.
By a classical result of Jacobson and Rickart [8] every Jordan derivation on
a full matrix ring over a 2-torsion free unital ring is a derivation. Benkovič
[1] determined Jordan derivations on triangular matrices over commutative
rings and proved that every Jordan derivation from the algebra of all upper
triangular matrices into its arbitrary bimodule is the sum of a derivation and
an antiderivation. Zhang and Yu [10] showed that every Jordan derivation of

1Address: Department of Mathematics, University of Kurdistan, P. O. Box 416, Sanandaj,
Iran. Email: h.ghahramani@uok.ac.ir
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triangular algebras is a derivation, so every Jordan derivation from the algebra
of all upper triangular matrices into itself is a derivation. For more studies
concerning Jordan derivations we refer the reader to [5, 6] and the references
therein. Recently, there have been a number of papers on the study of condi-
tions under which (generalized) derivation or (generalized) Jordan derivation
of rings or algebras can be completely determined by the action on some ele-
ments concerning products. For instance, see [3, 6] and the references therein.

Motivated by [9], we will call an additive map τ : R → R a Jordan general-
ized derivation via a Jordan derivation δ if there exists a Jordan derivation
δ : R → R such that τ(xy + yx) = xτ(y) + δ(x)y + τ(y)x + yδ(x) for all
x, y ∈ R. Obviously, the definition of a generalized Jordan derivation is gen-
erally not equivalent to that of Jordan generalized derivation. Each Jordan
derivation is a Jordan generalized derivation and any generalized derivation is
a generalized Jordan derivation, but generalized derivations are not necessar-
ily Jordan generalized derivations (see Example 1). Also , for x, y ∈ R with
xy = yx = 0, we say that τ is Jordan derivable at commutative zero point if
xτ(y) + τ(x)y + yτ(x) + τ(y)x = 0. It is clear that any Jordan derivation is a
Jordan derivable map at commutative zero point. The converse is, in general,
not true.

In this article we consider the Jordan derivable maps at commutative zero
point on triangular rings and we show that any Jordan derivable map at
commutative zero point on a triangular ring is a Jordan generalized derivation
via a Jordan derivation. Our main result generalizes the main result of [10].

Recall that a triangular ring Tri(R,M,S) is a ring of the form

Tri(R,M,S) :=

{(
r m
0 s

) ∣∣∣∣ r ∈ R, s ∈ S, m ∈M}
under the usual matrix operations, where R and S are unital rings and M
is a unital (R,S)-bimodule which is faithful as a left R-module as well as a
right S-module. The most important examples of triangular rings are upper
triangular matrices over a ring R, block upper triangular matrix algebras,
nest algebras over a real or a complex Banach space X or a Hilbert space H,
respectively and generalized triangular matrix algebras. Recently, there has
been a growing interest in the study of linear maps that preserve zero products,
Jordan products, commutativity, etc. and derivable (resp., Jordan derivable,
Lie derivable) maps at zero point, etc., on triangular rings (algebras). For
instance, see [4] and the references therein.

Throughout this paper R and S are unital 2-torsion free rings, and M is a
unital 2-torsion free (R,S)-bimodule, which is faithful as a left R-module and
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also as a right S-module. Also T denotes the triangular ring Tri(R,M,S)
which is a 2-torsion free ring. Let 1R and 1Ss be identities of the rings R
and S, respectively. We denote the identity of the triangular ring T , i.e. the

identity matrix

(
1R 0
0 1S

)
by 1. Also, throughout this paper we shall use

following notation

P =

(
1R 0
0 0

)
and Q =

(
0 0
0 1S

)
.

We immediately notice that P and Q are the standard idempotents (i.e. P 2 =
P and Q2 = Q) in T such that P +Q = 1 and PQ = QP = 0.

2 Main results

The following is our main result.

Theorem 1. Suppose that τ : T → T is an additive map. Then the following
conditions are equivalent:

(i) There exist a derivation d : T → T such that τ(X) = d(X) +Xτ(1) for
each X ∈ T and τ(1) ∈ Z(T ).

(ii) τ is a Jordan derivable map at commutative zero point.

(iii) τ is a Jordan generalized derivation via a Jordan derivation δ.

(iv) There is an additive map δ : T → T such that

X,Y ∈ T , XY = Y X = 0⇒ Xδ(Y ) + δ(X)Y + Y δ(X) + δ(Y )X = 0.

and

X,Y ∈ T , XY = Y X = 0⇒ Xτ(Y ) + δ(X)Y + Y δ(X) + τ(Y )X = 0.

If δ : T → T is a Jordan derivation, then δ is a Jordan derivable map at
commutative zero point and δ(1) = 0. So we have the next corollary which is
the main result of [10].

Corollary 1. Any Jordan derivation on a triangular ring T is a derivation.

Now, we give an example which shows that generalized derivations are not
necessarily Jordan generalized derivations.
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Example 1. Suppose that 0 6= m ∈ M is an arbitrary element and X =(
0 m
0 0

)
∈ T . Define an additive map δ : T → T by δ(T ) = TX. Since δ(1) =

X is not in Z(T ), by Theorem 1, δ is not a Jordan generalized derivation,
while by a straightforward calculation one can prove that δ is a generalized
derivation.
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Abstract

In this paper, we introduce and analyze the smallest equivalence bi-
nary relation η∗ on a Krasner hyperring R such that the quotient R/η∗,
the set of all equivalence classes, is a commutative ring such that for any
x ∈ R, [η∗(x)]m+1 = η∗(x)(Jacobson ring). Finally, we determine some
necessary and sufficient conditions for the relation η to be transitive.

1 Introduction

In [2] there are several types of hyperrings and hyperfields. In what follows we
shall consider one of the most general types of hyperrings. The triple (R,+, ·)
is a hyperring if (1) (R,+) is a hypergroup; (2) (R, ·) is a semihypergroup;
(3) the hyperoperation “ ·” is distributive over the hyperoperation ”+”, which
means that for all x, y, z of R we have: x · (y+z) = x ·y+x ·z and (x+y) ·z =
x ·z+y ·z. We call (R,+, ·) a hyperfield if (R,+, ·) is a hyperring and (R, ·) is a
hypergroup. A Krasner hyperring is a hyperring such that (R,+) is a canonical
hypergroup with identity 0 and · is an operation such that 0 is a bilaterally
absorbing element. An exhaustive review updated to 2007 of hyperring theory
appears in [2]. The fundamental relations on (semi)hypergroups are studied
by many authors, for example see [1, 2, 4, 7]. It is the smallest equivalence
relation on a hyperring such that the quotient is a (fundamental) ring. Note
that in a (fundamental) ring the commutativity with respect to both sum
and product are not assumed. In [3], Davvaz and Vougiouklis defined a new
strongly regular equivalence relation on a hyperring and they proved that the
quotient is a commutative ring.
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2 The relation η∗

In this section, we introduce a relation denoted by η∗ in a hyperring, which we
shall use in order to determine a characterization of a new derived hyperring.
Let (R,+, ·) be a hyperring.

Definition 1. Let m ∈ N. We define

=γ,m :=


 n∑
i=1

(

ki∏
j=1

xij),
n∑
i=1

(

ki∏
j=1

x
lij
ij )

 |(k1, . . . , kn) ∈ Nn, lij ∈ {1,m+ 1}

 ,

=mγ := =γ,m ∪ (=γ,m)−1.

Definition 2. We define the relation η on (R,+, ·) as follows:

x η y ⇐⇒ ∃(A,B) ∈ =mγ , x ∈ A, y ∈ B.

Remark 1. The relation η is reflexive and symmetric and β,Γ ⊆ η.

Let η∗ be the transitive closure of η. In order to analyze the quotient hyper-
structure with respect to this equivalence relation.

Lemma 1. η∗ is a strongly regular equivalence relation both on (R,+) and on
(R, ·).

Theorem 1. The quotient R
η∗ is a ring such that for any x ∈ R, [η∗(x)]m+1 =

η∗(x).

Corollary 1. If the quotient R/Γ∗ is a ring and for all x ∈ R, xm+1 = x
holds in the hyperring R, then Γ∗ = η∗.

Corollary 2. If (R,+, ·) is a hyperfield, then [η∗(x)]m = η∗(1) holds in the
ring R/η∗, for all x ∈ R− {0}.

Theorem 2. [5] Let S be a ring with center Z such that for a fixed integer
n > 1; xn − x ∈ Z for all x ∈ S. Then S is commutative.

Corollary 3. The quotient R
η∗ is a commutative ring.

Theorem 3. The relation η∗ is the smallest equivalence relation such that the
quotient R

η∗ is a commutative ring such that for any x ∈ R, [η∗(x)]m+1 = η∗(x).
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We recall that a KR-semihypergroup is a semihypergroup constructed from
a semihypergroup (R,+) and a family {A(x)}x∈R of nonempty and mutually
disjoint subsets of R. Set KR =

⋃
x∈RA(x) and define the hyperoperation ⊕

on KR as follows.

∀(a, b) ∈ K2
R; a ∈ A(x), b ∈ A(y), a⊕ b =

⋃
z∈x+y

A(z),

Then (R,+) is a hypergroup if and only if (KR,⊕) is a hypergroup.

Theorem 4. Let (R,+, ·) be a hyperring. Then

(i) The (KR,⊕, ◦) is a hyperring.

(ii) If r ∈ R and r′ ∈ A(r), then R
η∗r
∼= KR

η∗
r′

.

Definition 3. [5] We say that a ring S is J-ring (Jacobson ring), if for any
x ∈ S there exists a natural number n(x) > 1; xn(x) = x.

Corollary 4. η∗ is the strongly regular equivalence relation on R, such that
the quotient structure is a Jacobson ring with identity.

Let φ : R −→ R/η∗ be the canonical projection and let D(R) be the kernel
of φ so, if we denote by 0 the zero element of R/η∗, then D(R) = φ−1(0)

Lemma 2. Let R be a hyperring. Then

R ·D(R) ⊆ D(R) and D(R) ·R ⊆ D(R).

Lemma 3. If R is a Krasner hyperring, then

η∗(0) = 0 and η∗(−x) = −η∗(x) for all x ∈ R.

Theorem 5. If R is a Krasner hyperring, then D(R) is a hyperideal of R.

Finally, we determine some necessary and sufficient conditions for the relation
η to be transitive.
Let M be a non-empty subset of a hyperring (R,+, ·).

Definition 4. We say that M is a η∗-part of R if
∑n

i=1(
∏ki
j=1 xij) ∩M 6= ∅,

then
∑n

i=1(
∏ki
j=1 x

lij
ij ) ⊆M .

Using this notion we obtain the following characterization:

Proposition 1. The following conditions are equivalent:
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(i) M is a η∗-part;

(ii) x ∈M , xηy =⇒ y ∈M ;

(iii) x ∈M , xη∗y =⇒ y ∈M .

For all n > 1, set: P (x) =
⋃{∑n

i=1(
∏ki
j=1 x

lij
ij ) | x ∈

∑n
i=1(

∏ki
j=1 xij)

}
.

Proposition 2. For all x ∈ R, P (x) = {y ∈ R|x η y}.

Lemma 4. Let (R,+, ·) be a hyperring and let M be a η∗-part of R. If x ∈M ,
then P (x) ⊆M .

Theorem 6. Let (R,+, ·) be a hyperring. The following conditions are equiv-
alent:

(i) η is transitive;

(ii) For any x ∈ R, η∗ = P (x);

(iii) For any x ∈ R, P (x) is a η∗-part of R.
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Fibonacci length of the finite generalized
tetrahedron groups

Seyyed Sadegh Gholami1

Abstract

We consider the class of finitely presented groups where `,m, n, p, q, r ≥
2 and each Wi(a, b) is a cyclically reduced word involving both a and b.
We study the Fibonacci length of G and show that it divides the |G|.

Keywords: Finitely presented groups, Fibonacci lengths.
AMS Subject Classification: 20F05, 20B05, 20F28.

1 Introduction

The periodic sequences of elements of finite algebraic structures have been
studied by many authors, one may see [1, 2, 3], for examples. Following the
notations of the article [1] where, for a 2-generated non-abelian finite group
G = 〈a, b〉,

x1 = a, x2 = b, xi = xi−2xi−1, i ≥ 3

is called the Fibonacci sequence of G depending the generating set {a, b}. The
least integer k (denoted by LEN(G)) such that xk+1 = x1 and xk+2 = x2

is called the Fibonacci Length of G, and the least integer m (denoted by
BLEN(G)) such that |xm+1| = |x1| and |xm+2| = |x2|, is called the basic
Fibonacci Length of G, where the |x| denotes the order of the element x in
the group G. Note, it is proved that BLEN divides LEN and the map
θ : G −→ G given by a 7→ xm+1 and b 7→ xm+2 is an automorphism of G
with order LEN/BLEN (for more details one may refer to [1]). We call this
θ, the special automorphism of G. In 1990 Campbell, Doostie and Robertson
[1] gained to compute the length of the groups D2n and Q2n , and the simple
groups of order less than 105. The Fibonacci length and the basic Fibonacci
length of the groups Aut(D2n) and Aut(Q2n) have been computed in 2000 by

1Department of Mathematics, Urmia Shahid Rajaei Campus, Farhangian University, Iran,
r.gholami@fu.ac.ir
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Doostie and Campbell (see [2]). In this paper by generalizing these notations,
we study the Fibonacci length of the groups

G = 〈x, y, z | x` = ym = zn = W p
1 (x, y) = W q

2 (x, y) = W r
3 (x, y)〉

2 ≤ `,m, n, p, q, r where each Wi(a, b) is a cyclically reduced word involving
both a and b, a generalized tetrahedron group has been studied by [4].To do
this, we need some theorems from

Theorem 1. Let G be a generalized tetrahedron group of the form (??) as
above. If 1

pk1
+ 1

qk2
+ 1

rk3
≤ 1 then G is infinite, and if 1

pk1
+ 1

qk2
+ 1

rk3
< 1 then

G has a non-abelian free subgroup.

Proof. see [4].

Now we consider the generalized tetrahedron groups which have a presentation
of the form

G = 〈x, y, z | x` = ym = zn = W 2
1 (x, y) = (yγzδ)2 = (xαzβ)2 = 1〉 (1)

with W1(x, y) = xα1yβ1 ...xαkyβk , k = k1 ≥ 1, l,m, n ≥ 2, 1 ≤ α1, ..., αk, α <
`, 1 ≤ β1, ..., βk, γ < m and 1 ≤ δ, β < n. We may assume 2 ≤ ` ≤ m, and this
should hold always for a presentation of the form (2).

Theorem 2. Let G be a generalized tetrahedron group of the form (2). If
1
` + 1

m ≤
1
2 ,

1
m + 1

n ≤
1
2 or1

` + 1
n ≤

1
2 then G is infinite.

Proof. see [4].

Hence, for the classification of all finite generalized tetrahedron groups of the
form (1) we have to consider those with the additional numerical conditions
that 2 ≤ ` ≤ m, k ≥ 2, 1

` + 1
m > 1

2 ,
1
m + 1

n >
1
2 and1

` + 1
n >

1
2 .

2 Fibonancci length of the tetrahedron groups

As pointed out in section 1 in order to get the final classification of the finite
generalized tetrahedron groups we have to consider the groups defined by a
presentation

G = 〈x, y, z | x` = ym = zn = W 2
1 (x, y) = (yγzδ)2 = (xαzβ)2 = 1〉 (2)

with W1(x, y) = xα1yβ1 ...xαkyβk , k ≥ 2, 2 ≤ ` ≤ m, 2 ≤ n, 1 ≤ α1, ..., αk, α <
`, 1 ≤ β1, ..., βk, γ < m, 1 ≤ δ, β < n, 1

` + 1
m > 1

2 ,
1
m + 1

n >
1
2 ,

1
` + 1

n >
1
2 . As
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already mentioned we assume that W1(x, y) is not a proper power in the free
product on a and b.

Theorem 3. Let

G = 〈x, y, z | x2 = y3 = z2 = (xyxy2)2 = (yz)2 = (xz)2 = 1〉

be a generalized tetrahedron group of the form (2) then the Fibonacci length of
this group is 2`n and divides |G|.

Proof. By the relations of G, we have yz = zy−1 and xz = zx and so the
Fibonacci series of G is as follows:

x, y, z, xyz, yzxyz, zx2yz = zyz, xyzyzxy−1z = y−1z,

yzxy2zy2z = yzx, zyzyx = x, y−1zyzxx = y, yzy = z.

which gives that LEN(G) = 2`n. Considering the orders yields BLEN(G) =
`n. So, LEN(G) | |G|.

Theorem 4. Let G be a generalized tetrahedron group of the form (3) together
with the given numerical conditions. Let W1(x, y) be not a proper power in the
free product on a and b. If G is finite then, up to equivalence, G is one of the
following table and we have collected the computer results for the orders and
Fibonacci lengths (the codes were written in GAP ([5]).

Defining relation |G| LEN(G)

x2 = y3 = z2 = (xyxy2)2 = (yz)2 = (xz)2 = 1 48 2`n
x2 = y3 = z3 = (xyxy2)2 = (yz)2 = (xz)2 = 1 120 4`
x2 = y3 = z4 = (xyxy2)2 = (yz)2 = (xz)2 = 1 384 `n
x2 = y3 = z5 = (xyxy2)2 = (yz)2 = (xz)2 = 1 14400 4`
x2 = y3 = z2 = (xyxyxy2)2 = (yz)2 = (xz)2 = 1 96 2`n
x2 = y3 = z3 = (xyxyxy2)2 = (yz)2 = (xz)2 = 1 384 4`
x2 = y3 = z2 = (xyxyxyxy2)2 = (yz)2 = (xz)2 = 1 240 2`n
x2 = y3 = z3 = (xyxyxyxy2)2 = (yz)2 = (xz)2 = 1 14400 4`
x2 = y3 = z2 = (xyxyxy2xy2)2 = (yz)2 = (xz)2 = 1 1152 2`n
x2 = y3 = z3 = (xyxyxy2xy2)2 = (yz)2 = (xz)2 = 1 23040 2`n

x2 = y3 = z2 = (xyxyxy2xyxy2)2 1440 2`n
= (yz)2 = (xz)2 = 1

x2 = y3 = z3 = (xyxyxy2xyxy2)2 345600 4`
= (yz)2 = (xz)2 = 1

x2 = y3 = z2 = (xyxyxyxy−1xy−1)2 5760 2`n
= (yz)2 = (xz)2 = 1
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Defining relation |G| LEN(G)

x2 = y3 = z3 = (xyxyxyxy−1xy−1)2 2764800 4`
= (yz)2 = (xz)2 = 1

x2 = y3 = z2 = (xyxyxy2xy2xyxy2)2 5760 2`n
= (yz)2 = (xz)2 = 1

x2 = y3 = z2 = (xyxyxyxy2xyxy2xy2)2 11520 2`n
= (yz)2 = (xz)2 = 1

x3 = y3 = z2 = (xyxyxyxy2xy2xyxy2xy2)2 849346560 4n
= (yz)2 = (xz)2 = 1

x2 = y4 = z2 = (xyxyxy3)2 = (yz)2 = (xz)2 = 1 384 2`n
x2 = y4 = z3 = (xyxyxy3)2 = (yz)2 = (xz)2 = 1 9216 `m
x2 = y5 = z2 = (xyxy2)2 = (yz)2 = (xz)2 = 1 240 2`n
x2 = y5 = z3 = (xyxy2)2 = (yz)2 = (xz)2 = 1 14400 4`
x2 = y5 = z2 = (xyxyxy4)2 = (yz)2 = (xz)2 = 1 2400 2`n
x2 = y5 = z2 = (xyxy2xy3)2 = (yz)2 = (xz)2 = 1 2400 2`n
x2 = y5 = z3 = (xyxy2xy3)2 = (yz)2 = (xz)2 = 1 172800 4`
x2 = y5 = z3 = (xyxyxy4)2 = (yz)2 = (xz)2 = 1 172800 4`
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Jafar A’zami1, Masoumeh Hasanzad2

Abstract

Let R be a ring with non-zero identity (not necessarily commutative).
In this paper, we prove some finite properties of indecomposable injective
modules. We show that under certain conditions, every non-zero injective
R-module has an indecomposable submodule. In particular for a com-
mutative Noetherian ring R, a multiplication R-module M and a prime

submodule N of M , if E(
M

N
) is finitely generated, then N is a maximal

submodule. Also, several applications of this result will be included.

1 Introduction

In this paper, let R be a ring with non-zero identity (not necessarily commu-
tative). Recall that an R-module E is said to be indecomposable if (a)E 6= 0
and (b)the only direct summands of E are 0 and E itself. If a module is in-
decomposable, then so is every module which is isomorphic to it. Also, for
an R-module E, a submodule M is said to be irreducible if (a)M 6= E, and
(b)there do not exist submodules M1, M2 of E such that M ⊂ M1, M ⊂ M2

and M1 ∩M2 = M (the inclusions being strict). We refer the reader to [3] or
[4] for more details about injective modules.
We stablish when a non-zero injective R-module has a indecomposable injec-
tive submodule (Proposition 1). Also, if R is Noetherian and commutative

ring and E(
R

p
) is finitely generated for p ∈ Spec(R), we show that p is a

maximal and minimal prime ideal of R (Lemma 2). by this fact,we present
Theorem 2 and Proposition 3. Furthermore, we extend these results to the
multiplication module.

1Department of Mathematics, University of Mohaghegh Ardabili, Ardabil, Iran, ja-
far.azami@gmail.com

2Department of Mathematics, University of Mohaghegh Ardabili, Ardabil, Iran, hasan-
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2 The Results

First, we recall the following result from [4, Proposition 2.28, Corollary 1]:

Theorem 1. one Let M be an R-module. Then (a)E(M) is indecomposable
if and only if the zero submodule of M is irreducible; (b)a submodule N of M

is irreducible if and only if E(
M

N
) is indecomposable.

Proposition 1. Suppose that every proper left ideal I of the ring R can be
written in the form I = J∩K, where J and K are left ideals of R, I ⊂ K and J
is irreducible. Then every non-zero injective R-module has an indecomposable
injective submodule.

Proposition 2. Let I be a proper left ideal of R such that E(
R

I
) has an

indecomposable injective submodule. Then there exist left ideals J and K of R
such that I = J ∩K, I ⊂ K and J is irreducible.(Converse of Proposition 1)

Remark 1. Let R be a commutative domain with quotient field K. Then K,
as an R-module, is an injective envelope of R. Also, K is an indecomposable
injective R-module. On the other hand, if K is a finitely generated R-module,
then R is a field.

Lemma 1. Let I be a two-sided ideal of R and let E be an injective R-module.

Then 0 :E I, as an (
R

I
)-module, is injective. Moreover, if E is the injective

envelope of an R-module M , then 0 :E I is an injective envelope of M∩(0 :E I)

as an (
R

I
)-module.

Proof. See [4, Proposition 2.27].

Now, we state and prove the main Lemma.

Lemma 2. Let R be a commutative Noetherian ring and let p be a prime ideal

of R such that E(
R

p
) is finitely generated. Then p is a minimal and maximal

ideal of R.

Theorem 2. Let R be a commutative Noetherian ring. R is Artinian if and
only if every indecomposable injective R-module is Noetherian.

Proposition 3. Let R be a commutative Noetherian ring, p, q ∈ Spec(R)

and E(
R

p
) be a finitely generated R-module. Then p = q if and only if

HomR(E(
R

p
), E(

R

q
)) 6= 0.
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Definition 1. Let R be a commutative ring and M a unitary R-module. Then,
M is a multiplication R-module if for each submodule N of M , there is an ideal

I of R such that N = IM . In this case, we have N = (AnnR(
M

N
))M .

Definition 2. A proper submodule N of M is called prime if rm ∈ N , for
r ∈ R and m ∈M , then r ∈ (N :R M) or m ∈ N .

Theorem 3. Let M be a nonzero multiplication R-module. Then N is a
maximal submodule if and only if there exists a maximal ideal p of R such that
N = pM 6= M .

Proof. See [1, Theorem 2.7].

Theorem 4. Let P be a proper submodule of a multiplication module M . Then
P is prime if and only if for each submodules U and V of M , if UV ⊆ P then
U ⊆ P or V ⊆ P .

Proof. See [1, Theorem 3.16].

Lemma 3. Let N be a prime submodule of a multiplication R-module M .
Then N is irreducible.

Theorem 5. Let R be a commutative Noetherian ring, M multiplication mod-

ule and N be a prime submodule. If E(
M

N
) is a finitely generated R-module,

then N is a maximal submodule.
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On the stability of (α, β, γ)−derivations on Lie
C∗-algebras associated to the Pexiderized

(m,n)-Cauchy Jensen type functional equation

N. Eghbali and S. Hazrati1

Abstract

In this article, we show the stability of the following (α, β, γ)−derivation
equation

αD[x, y] = β[D(x), y] + γ[x,D(y)]

associated to the (m,n)-Cauchy Jensen type functional equation∑
f(

Σxi
j

m
+ Σxkj ) =

n−m+ 1

n
[
∑

g(xi)]

for all xij ∈ A.

1 Introduction and Preliminaries

The stability problem of functional equations originated from a question of
Ulam in 1940, concerning the stability of group homomorphisms: Let (G1, ·)
be a group and (G2, ∗) be a metric group with the metric d(·, ·). Given ε > 0,
does there exist δ > 0, such that if a mapping h : G1 → G2 satisfies the
inequality d(h(x · y), h(x) ∗ h(y)) < δ for all x, y ∈ G1, then there exists a
homomorphism H : G1 → G2 with d(h(x), H(x)) < ε for all x ∈ G1?
A Lie C∗− algebra A is a C∗-algebra endowed with the Lie product

[x, y] = xy − yx.

A C-linear mapping D : A→ A is a called a Lie derivation of A if D : A→ A
satisfies

D[x, y] = [D(x), y] + [x,D(y)]

for all x, y ∈ A. Following a C-linear mapping D : A → A is a called a
(α, β, γ)−derivation of A if there exist α, β, γ ∈ C such that

αD[x, y] = β[D(x), y] + γ[x,D(y)]

for all x, y ∈ A.

1Department of Mathematics and Applications, University of Mohaghegh Ardabili, nas-
rineghbali@gmail.com, s.hazrati1111@yahoo.com
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2 Main results

Lemma 1. Let X and Y be linear spaces and f : X → Y be additive mapping
such that f(µx) = µf(x) for all x ∈ X and any µ ∈ T 1. then, the mapping f
is C-linear.

Theorem 1. Let f, g : A→ A be mappings with f(0) = 0 and ϕ : A7 → [0,∞)
is a function that satisfying:

limn→∞
1

k2n
ϕ(knx, kny, knu, knv, knw, knz, knt) = 0, ϕ(0, 0, 0, 0, 0, 0, x) ≤ δ,

(1)

‖
∑

f(
Σxij
m

+ Σxkj )−
n−m+ 1

n

]∑
g(xi)

[
‖≤ δ, (2)

and

‖ αf(xy)− βf(x)y − γxf(y) + αf(uv)− βuf(v)− γf(u)v

+f(µw+z)−µf(w)−f(z)+f(t)− 1

n−m+ 1
f((n−m+1)t) ‖≤ ϕ(x, y, u, v, w, z, t),

(3)
for all x, y, u, v, w, z, t ∈ A and any µ ∈ T 1. Then there exists a unique
(α, β, γ)−derivation D : A→ A, such that

‖ f(x)−D(x) ‖≤ δ k
3 + 4k2 + k − 2

2k(k2 − 1)
,

‖ g(x)−D(x) ‖≤ δ(k − 1) + c(n,m)k

c(n,m)k(k − 1)
(4)

for all x ∈ A.

Corollary 1. Let 0 < q < 2, η > 0 and f, g : A → A be mappings with
f(0) = 0 satisfying:

‖
∑

f(
Σxij
m

+ Σxkj ) =
n−m+ 1

n
]
∑

g(xi)[‖≤ δ,

and

‖ αf(xy)− βf(x)y − γxf(y) + αf(uv)− βuf(v)− γf(u)v

+f(µw + z)− µf(w)− f(z) + f(t)− 1

k
f(kt) ‖

≤ η ‖ x ‖
q
7 ‖ y ‖

q
7 ‖ u ‖

q
7 ‖ v ‖

q
7 ‖ w ‖

q
7 ‖ z ‖

q
7 ‖ t ‖

q
7
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for all x, y, u, v, w, z, t ∈ A and any µ ∈ T 1. Then there exists a unique
(α, β, γ)−derivation D : A→ A, such that

‖ f(x)−D(x) ‖≤ δ k
3 + 4k2 + k − 2

2k(k2 − 1)
,

‖ g(x)−D(x) ‖≤ δ(k − 1) + c(n,m)k

c(n,m)k(k − 1)
, x ∈ A.

Theorem 2. Let f, g : A → A be mappings with f(0) = g(0) = 0 and ϕ :
A7 → [0,∞) is a function that satisfying:

limn→∞
1

k2n
ϕ(knx, kny, knu, knv, knw, knz, knt) = 0, ϕ(0, 0, 0, 0, 0, 0, x) ≤ θ ‖ x ‖p

(5)

‖
∑

f(
Σxij
m

+ Σxkj )−
n−m+ 1

n

]∑
g(xi)

[
‖≤ θ(‖ x1 ‖p +...+ ‖ xn ‖p),

(6)
and

‖ αf(xy)− βf(x)y − γxf(y) + αf(uv)− βuf(v)− γf(u)v

+f(µw + z)− µf(w)− f(z) + f(t)− 1

k
f(kt) ‖≤ ϕ(x, y, u, v, w, z, t) (7)

for some θ ≥ 0, p ∈ (0, 1) and for all x, y, w, z, u, v, t ∈ A and any µ ∈ T 1.
Then there exists a unique (α, β, γ)−derivation D : A→ A, such that

‖ f(x)−D(x) ‖≤ θ

2

2kp+1 − kp + k2−p

k2 − kp+1
‖ x ‖p,

‖ g(x)−D(x) ‖≤ θ

2k

k1−p + 2k − 1

k1−p − 1
‖ x ‖p, (8)

for all x ∈ A.

Corollary 2. Let 0 < q < 2, η > 0 and f, g : A → A be mappings with
f(0) = 0 that satisfying:

‖ f(kx+ y) + f(kx− y)− 2kg(x)− 2g(y) ‖≤ θ(‖ x ‖p + ‖ y ‖p),

and
‖ αf(xy)− βf(x)y − γxf(y) + αf(uv)− βuf(v)− γf(u)v

+f(µw + z)− µf(w)− f(z) + f(t)− 1

k
f(kt) ‖

≤ η ‖ x ‖
q
7 ‖ y ‖

q
7 ‖ u ‖

q
7 ‖ v ‖

q
7 ‖ w ‖

q
7 ‖ z ‖

q
7 ‖ t ‖

q
7
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for same θ ≥ 0, p ∈ (0, 1) and for all x, y, u, v, w, z, t ∈ A. then there exists a
unique (α, β, γ)−derivation D : A→ A, such that

‖ f(x)−D(x) ‖≤ θ

2

2kp+1 − kp + k2−p

k2 − kp+1
‖ x ‖p,

‖ g(x)−D(x) ‖≤ θ

2k

k1−p + 2k − 1

k1−p − 1
‖ x ‖p, x ∈ A.

Corollary 3. Let 0 < q < 2, η > 0 and f, g : ArightarrowA with f(0)=0 are
functions that satisfying:

‖ f(kx+ y) + f(kx− y)− 2kg(x)− 2g(y) ‖≤ θ(‖ x ‖p + ‖ y ‖p),

and
‖ αg(xy)− βg(x)y − γxg(y) + αg(uv)− βug(v)− γg(u)v

+g(µw + z)− µg(w)− g(z) + g(t)− kg(
t

k
‖

≤ η ‖ x ‖
q
7 ‖ y ‖

q
7 ‖ u ‖

q
7 ‖ v ‖

q
7 ‖ w ‖

q
7 ‖ z ‖

q
7 ‖ t ‖

q
7 ,

for some θ ≥ 0, p > 1 x, y, u, v, w, z, t ∈ A and µ ∈ T 1. Then there exists a
unique (α, β, γ)−derivation D : A→ A, such that

‖ f(x)−D(x) ‖≤ θ

2

1− k1−p + 2k

kp − k
‖ x ‖p,

‖ g(x)−D(x) ‖≤ θ

2

kp − k2−p + 2k2

kp+1 − k2
‖ x ‖p,

for all x ∈ A.
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Factor and Lagrange subsets of semigroups and
groups

Mohammad Hadi Hooshmand1

If G is a group and H its subgroup, then G is equal to the direct product of H
and its (left and right) transversal set (in the sense of factorization of a group
by its subsets). Therefore every subgroup of a group is its left and right factor
(subset), and an its consequence is the Lagrange theorem for finite groups.
In this paper we generalize the results for semigroups and prove a necessary
and sufficient condition for a subgroup of a semigroup to be a factor. Also,
by using the conception upper periodic subsets of semigroups and groups (in-
troduced by the author as a generalization of the conception ideals) we prove
some sufficient conditions for a vast class of subsets of semigroups to be factors
.
Direct product of subsets of a group and factoring an abelian group into sub-
sets were introduced and studied by Hajos [1] (also see [4]). For semigroups
(and even quasigroups) direct product of two subsets can be stated as follows:
If ∆ and Ω are subsets of a semigroup (S, ·), then the product ∆Ω is called
direct and it is denoted by ∆ ·Ω (∆+̇Ω for additive notation) if the restricted
binary map ·|∆×Ω is injective (equivalently, δΩ ∩ δ′Ω = ∅ for all distinct el-
ements δ, δ′ ∈ ∆). By the notation S = ∆ · Ω, we mean S = ∆Ω and the
product ∆Ω is direct and we say S is a direct product of (subsets) ∆ and Ω.
In this case we call ∆ [resp. Ω] a left [resp. right] factor of S. It is easy to see
that if ∆,Ω are non-empty subsets of a group G then

∆Ω = ∆ · Ω⇔ ∆−1∆ ∩ ΩΩ−1 = {1}.

If ∆ and Ω are finite subsets of S, then ∆Ω = ∆·Ω if and only if |∆Ω| = |∆||Ω|.
Those have close relations to decomposer functions [2], and they also appear in
the direct representation of periodic and upper periodic subsets of semigroups
[3].
Now, we call a subset A of a finite semigroup S a Lagrange subset if |A| divides
|S|. If S is finite then every its left and right factor is a Lagrange subset. The
following is a necessary and sufficient condition for a subgroup of a semigroup
to be a left factor

1Young Researchers and Elite Club, Shiraz Branch, Islamic Azad University, Shiraz, Iran
hadi.hooshmand@gmail.com
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Theorem 1. Let S be an arbitrary semigroup. A subgroup ∆ of S is a left
factor if and only if the equation s = xs has only the solution x = e∆ in ∆,
for every s ∈ S.

Recall from [3] that for every subset A and B of a semigroup S, we have

Prd`B(A) := {b ∈ B|bA = A} : The set of left periods of A in B

Uprd`B(A) := {b ∈ B|bA ⊆ A} : The set of left upper periods of A in B

Lprd`B(A) := {b ∈ B|A ⊆ bA} : The set of left lower periods of A in B

Now, we are ready to state our second main theorem.

Theorem 2. Let S be a right cancelative semigroup containing a left identity
l. If ∆ is a subset of S such that
(i) s ∈ ∆s : ∀s ∈ S (e.g., if ∆ contains a left identity of S);
(ii) ∆ is right complete ∆-periodic (i.e. Prdr∆(∆) = ∆);
(iii) For every δ ∈ ∆ there exists σ ∈ Uprd`(∆) such that σδ = l;
then ∆ is a left factor of S.

Example 1. Let C be a non-empty set and consider the monoid M = OC of
all surjective functions from C to C (with the composition operation). This
monoid is right cancelative and ∆ = {f ∈M |f is bijective} is its subgroup (the
group of all bijections with the identity element ιC). Since ∆ is a subgroup
then the conditions hold, and so ∆ is a left factor subgroup of M . Also ∆ is
a right factor subgroup of the monoid Ic containing of all injective functions

from C to C. But neither ∆ nor OC , IC are left or right factors of CC (the
semigroup of all functions from C to C with the composition operation). For
if C = {1, 2, 3} then |∆| = |OC | = |IC | = 6, |CC | = 27 and 6 - 27.
Note that we can also obtain these results by using Theorem 1 . For if f = gf
where f is surjective, then g = ιC ∈ ∆.
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An Abelian category of modules

Yavar Irani1

Abstract

Let R denote a commutative Noetherian (not necessarily local) ring
and let I be an ideal of R of dimension one. The main purpose of this
note is to show that the category M (R, I)com of I-cominimax R-modules
forms an Abelian subcategory of the category of all R-modules. This as-
sertion is a generalization of the main result of Melkersson in [8].

Let R denote a commutative Noetherian ring, and let I be an ideal
of R. In [5], Hartshorne defined an R-module L to be I-cofinite, if
Supp(L) ⊆ V (I) and ExtiR(R/I, L) is finitely generated module for all i.
He posed the following question:

Is the category M (R, I)cof of I-cofinite modules forms an Abelian
subcategory of the category of all R-modules? That is, if f : M −→ N
is an R-homomorphism of I-cofinite modules, are ker f and cokerf I-
cofinite?

Hartshorne proved that if I is a prime ideal of dimension one in a com-
plete regular local ring R, then the answer to his question is yes. On the
other hand, in [4], Delfino and Marley extended this result to arbitrary
complete local rings. Recently, Kawasaki [6] generalized the Delfino and
Marley’s result for an arbitrary ideal I of dimension one in a local ring R.
More recently, Melkersson in [8] have removed the local assumption on R.

The main purpose of this note is to generalize this result to other cat-
egories of modules. In this direction we present similar results for A new
categories of modules. More precisely, we shall show that this theorm:

Theorem 1. Let R be a Noetherian ring and I be an ideal of R with
dimR/I = 1. Let M (R, I)com denote the category of I-cominimax mod-
ules. Then M (R, I)com forms an Abelian subcategory of the category of
all R-modules.

1Department of Mathematics, Islamic Azad University Meshkin-Shahr branch, P.O. Box
5661645936, Ardabil, Iran. email: yavarir@ymail.com
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Our methods of the proof for above Theorem , is based on an adap-
tation of the technique used in [2]. One of our tools for proving above
Theorem is the following, which is a generalization of a similar result in
[2].

Proposition 4. Let I denote an ideal of a Noetherian ring R and let M
be an R-module such that dimM ≤ 1 and Supp(M) ⊆ V (I). Then
M is I-cominimax if and only if the R-modules HomR(R/I,M) and
Ext1

R(R/I,M) are minimax.

Recall that, we say an R-module M is minimax if there is a finitely
generated submodule N of M , such that M/N is Artinian. The inter-
esting class of minimax modules was introduced by H. Zöshinger in [9]
and he has in [9] and [10] given many equivalent conditions for a module
to be minimax. Also, the R-module M is said to be an I-cominimax if
support of M is contained in V (I) and ExtiR(R/I,M) is minimax for all
i ≥ 0. The concept of the I-cominimax modules were introduced in [1]
as a generalization of important notion of I-cofinite modules.

Throughout this paper, R will always be a commutative Noetherian
ring with non-zero identity and I will be an ideal of R. For an Artinian
R-module A we denote by AttRA the set of attached prime ideals of
A. For each R-module L, we denote by AsshRL the set {p ∈ AssRL :
dimR/p = dimL}. We shall use MaxR to denote the set of all maximal
ideals of R. Also, for any ideal a of R, we denote {p ∈ SpecR : p ⊇ a} by
V (a). Finally, for any ideal b of R, the radical of b, denoted by Rad(b),
is defined to be the set {x ∈ R : xn ∈ b for some n ∈ N}. For any
unexplained notation and terminology we refer the reader to [3] and [7].

The first main result of this note is as follows.

Proposition 5. Let I be an ideal of Noetherian ring R and M be a
non-zero R-module, such that dim Supp(M) ≤ 1 and Supp(M) ⊆ V (I).
Then the following statements are equivalent:
(i) The R-module M is I-cominimax.
(ii) The R-modules HomR(R/I,M) and Ext1

R(R/I,M) are minimax.

The following result is the second main result of this note.

Theorem 2. Let I be an ideal of Noetherian ring R and let C1
com(I)

denote the set of all I-cominimax R-modules M , with dim Supp(M) ≤ 1.
Then C1

com(I) forms an Abelian subcategory of the category of all R-
modules.
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Unmixed r-uniform r-partite hypergraphs

Reza Jafarpour-Golzari1

Rashid Zaare-Nahandi2

1 Introduction

unmixedness is one of the most important concepts in graph and hypergraph
theory with nice interpretations in commutative algebra and algebraic ge-
ometry. Accordingly characterizing of different classes of unmixed graphs and
hypergraphs has been attractive in recent years. Among all, unmixed r-partite
graphs and hypergraphs have been more noteworthy than others to charac-
terize. G. Ravindra in [5] and R. H. Villarreal in [6] independently have
characterized bipartite graphs. H. Haghighi in [2] has given a characteriza-
tion for unmixed tripartite graphs under a certain condition. R. Jafarpour-
Golzary and R. Zaare-Nahandi in [4] generalized Haghighi’s result for unmixed
r-partite graphs. Also these two, recently in [3] have characterized all unmixed
3-uniform 3-partite hypergraphs with perfect matching.

Here we give a characterization of all unmixed r-uniform r-partite hypergraphs
with perfect matching.

2 Preliminaries

In the continuation, we use [1] for standard terminology and notation on hy-
pergraphs.

A hypergraph H on a finite nonempty set V is a collection of nonempty sub-
sets of V such that ∪H = V . The elements of V are called vertex and each
subset is named hyperedge. We denote by V (H) and V (H), the sets of vertices

1Department of Mathematics, Payame Noor University, P.O.BOX 19395-3697 Tehran,
Iran, and Faculty of Mathematics, Institute for Advanced Studies in Basic Science (IASBS),
P.O.Box 45195-1159, Zanjan, Iran. Email: r.golzary@iasbs.ac.irr.golzary@iasbs.ac.ir

2Faculty of Mathematics, Institute for Advanced Studies in Basic Science (IASBS),
P.O.Box 45195-1159, Zanjan, Iran. Email: rashidzn@iasbs.ac.ir
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and hyperedges of H respectively. A hypergraph is said to be simple hyper-
graph or clutter if every its two distinct hyperedges are incomparable. The
hypergraph H is called t-uniform (or t-graph), if all its hyperedges be of the
same cardinality t. An r-partite (r > 2) hypergraph H, is a hypergraph which
V (H) can be partitioned to r subset such that no two elements in one part are
in the same hyperedge. Such a partition of V (H) is said to be an r-partition
of H. The t-unifotm r-partite, specially t-uniform t-partite hypergraphs are
important particularly. In the hypergraph H, two vertices x, y are said to be
adjacent if a hyperedges contains x and y. A hyperedge e is adjacent with a
vertex x if x ∈ e. For a vertex x of H, the neighborhood of x, denoted by
N(x), is the set of all vertices which are adjacent with x. A subset C of V (H)
is called a transversal, if every hyperedge of H intersects it. A transversal
is said to be minimal if it dose not contain another transversal. A subset
M of V (H) is called independent if it dose not contain any hyperedge. An
independent set M of H is said to be maximal whenever it is not contained
in any another independent set. It is clear that every maximal independent
set is complement of a minimal transversal and vice versa. The hypergraph
H is said to be unmixed if all its transversals be of equal cardinality and it
is said to be well-covered if all its independent sets have the same cardinality.
It is clear that a hypergraph H is unmixed if and only if it is well-covered. A
matching in a hypergraph H is a set of hyperedges which are disjoint pairwise.
A perfect matching is a matching such that every vertices of H is in at least
one of its elements.

3 The main results

First we prove two lemmas.

Lemma 1. Let H is an r-partite hypergraph. Then
(a) If H is t-uniform, then t 6 r.
(b) If H is r-uniform and has a perfect matching M , then all parts of H in
every r-partition are of the same size.

Remark 1. In r-uniform r-partite hypergraphs, the equality of size of parts
is concluded from existence of perfect matching by Lemma 3.1. Also in this
condition, it is simply seen that the size of every part equals the size of perfect
matching because both are |V (H)|

r .

Lemma 2. Let H is an r-uniform r-partite hypergraph with parts V1, V2, . . . , Vr.
Then if H is unmixed, first |V1| = · · · = |Vr| and secondly every minimal
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transversal is of size |V (H)|
r .

We now prove the main theorem of this paper.

Theorem 1. Let H is an r-uniform r-partite hypergraph with parts

Vi = {x1i, · · · , xni}, 1 6 i 6 r

such that there is a perfect matching in the form

{{xj1, xj2, . . . , xjr}| 1 6 j 6 n}.

Then the hypergraph H is unmixed if and only if for every 1 6 q 6 n, if
{xqi, xti1si1 , . . . , xtir−1sir−1} for 1 6 i 6 r and distinct, are r hyperedges (not
necessarily distinct), where the elements sik are distinct and distinct from i,
then every sets

Sqi,j = {xti1si1 , . . . , xtir−1sir−1} ∪ {xtj1sj1 , . . . , xtjr−1sjr−1}, 1 6 i < j 6 r

contain at least one hyperedge.

Remark 2. Note that in above theorem, the equality of sizes of parts is resulted
from Remark 3.2 and therefore to get the sets Vi in mentioned form is only an
indexing for vertices.

The following theorem from Villarreal on unmixedness of bipartite graphs, is
concluded from above theorem in the case r = 2.

Theorem 2. [6, Theorem 1.1] Let G be a bipartite graph without isolated ver-
tices. Then G is unmixed if and only if there is a bipartition V1 = {x1, . . . , xg}, V2 =
{y1, . . . , yg} of G such that: (a) {xi, yi} ∈ E(G), for all i, and (b) if {xi, yj}
and {xj , yk} are in E(G), and i, j, k are distinct, then {xi, yk} ∈ E(G).

Now We prove two proposition on unmixedness of r-uniform hypergraphs by
instruments of the proof of theorem 3.4.

Proposition 1. Let H is an r-uniform hypergraph with a perfect matching in
the form

{{xj1, xj2, . . . , xjr}| 1 6 j 6 n}.
If H is unmixed and has a minimal transversal of size n, then for every 1 6 q 6
n, if {xqi, xti1si1 , . . . , xtir−1sir−1} for 1 6 i 6 r, be r hyperedges (not necessarily
distinct), then non of the sets

Sqi,j = {xti1si1 , . . . , xtir−1sir−1} ∪ {xtj1sj1 , . . . , xtjr−1sjr−1}, 1 6 i < j 6 r

are independent.

132



Proposition 2. Let H is an r-uniform hypergraph with perfect matching

{{xj1, xj2, . . . , xjr}| 1 6 j 6 n}.

Then a sufficient condition for unmixedness of H is that for every 1 6 q 6 n,
if {xqi, xti1si1 , . . . , xtir−1sir−1} for 1 6 i 6 r, are r hyperedges (not necessarily
distinct), then non of the sets

Sqi,j = {xti1si1 , . . . , xtir−1sir−1} ∪ {xtj1sj1 , . . . , xtjr−1sjr−1}, 1 6 i < j 6 r

are independent.
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Abstract

We investigate the structure of cyclic codes over the ring R = Z4 +
uZ4 + u2Z4 where u3 = 0. Also we discuss about the Gray map over Rn

for some positive integer n.

Let R be the commutative ring Z4 +uZ4 +u2Z4 = {a+ub+u2c : a, b, c|a, b, c ∈
Z4} with u3 = 0. R can also be thought of as the ring Z4[u]

<u3>
. Let σ and σ′ are

ring automorphism over Rn.

Definition 1. A code of length n is cyclic if the code is invariant under the

automorphism σ which has

σ(c0, c1, ...cn−1) = (cn−1, c0, ..., cn−2)

Definition 2. A code of length n is 6-quasi cyclic if the code is invariant

under automorphism σ′ which has

σ′(c0, ..., cn−6, cn−5, cn−4, cn−3, cn−2, cn−1) = (cn−6, cn−5, ..., cn−1, c0, ..., cn−7)

It is well known that a cyclic code of length n over R can be identified with an
ideal in the quotient ring R[x]

<xn−1> via the R-module isomorphism as follows

h : Rn → R[x]

< xn − 1 >

with h(c0, c1, ..., cn−1) = c0 + c1x + c2x
2 + ... + cn−1x

n−1. A cyclic code of

length n over R is not principally generated. As n is odd, the ring Z4[u]
<u3>

is
a principal ideal ring. So a cyclic code of length n over R is of the form
c = c1 + uc2 + u2c3 =< g1 > +u < g2 > +u2 < g3 > where g1, g2, g3 ∈ Z4[x].

1University of Mohaghegh Ardabili.
neginkarimi8834@gmail.com, yousefian@uma.ac.ir
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Theorem 1. Let n be an odd integer and c′ be a cyclic code of length n

over Z4 + uZ4 + u2Z4 with u3 = 0. Then c′ =< a1(x) + 2a2(x) + ua13(x) +

2ua14(x) + u2q1(x), ua3(x) + 2ua4(x) + u2q2(x), u2a′1(x) + 2u2a′2(x) > with

a2(x)|a1(x)|xn − 1, a4(x)|a3(x)|xn − 1 and a′2(x)|a′1(x)|xn − 1 in R4[u]
<u3>

.

1 Gray map and Gray image

Definition 3. The Gray map is the mapping from Z4 to GF (2)2 defined by

0→ (0, 0), 1→ (0, 1), 2→ (1, 1), 3→ (1, 0).

Definition 4. The Lee weights of 0, 1, 2, 3 ∈ Z4, denoted by

wL(0), wL(1), wL(2), wL(3), respectively are defined by wL(0) = 0, wL(1) =

wL(3) = 1, wL(2) = 2. The Lee weight wL(x) of x = (x1, x2, ..., xn) ∈ Z4 is

defined to be the sum of the Lee weights of its components wL(x) = wL(x1) +

...+ wL(xn)

This weight function defines a distance function dL(x, y) = wL(x − y) on Zn4
which is called the Lee distance.

Definition 5. The Hamming weight wH(x) where x ∈ Rn is the number of

nonzero coordinate in x. The Hamming distance d(x, y) between two vector

x, y ∈ Rn is defined to be the number of coordinates in which x and y differ.

Coordinate extend to Gray map from Zm4 to GF (2)2m.
The Hamming distance between the image by the Gray map of two quaternary
words is equal to the Lee weight of their difference.

Theorem 2. Let σ be the cyclic shift of Rn and σ′ denoted the 6-quasi cyclic

shift of Z6
4n. Let Φ be the Gray map from Rn to Z6n

2 . Then prove that Φσ =

σ′Φ.
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Theorem 3. Let φ be the Gray map from Rn to Z6n
2 . Then a linear code of

length n over R is a cyclic code if and only if φ(c) is a 6-quasi cyclic code of

length 6n over Z2.

Corollary 1. The Gray image of a cyclic code of length n over R is a distance

invariant linear 6-quasi cyclic code of length 6n over Z2.
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On purely comultiplication modules

Jafar A’zami1, Maryam Khajepour2

Abstract

In this note we introduce the concept of purely comultiplication mod-
ules as a generalization of comultiplication modules. An R-module M is
called purely comultiplication if every pure submodule of M is a comul-
tiplication submodule. Many results about this concept are obtained.
Also we investigates that which purely comultiplication modules are co-
multiplication.

Key words and phrases: Comultiplication modules, Purely comultiplication
modules, Pure submodules.

1 Introduction

Throughout this paper R will denote a commutative ring with identity and
all modules are unitary. A submodule N of M is denoted by N ≤M , and an
ideal I of R is denoted by I �R. An R-module M is said to be multiplication
module [8], if for every submodule N of M , there exists an ideal I of R such
that N = IM . In [5] the concept of comultiplication modules as a dual
of multiplication modules was introduced. An R-module M is said to be
comultiplication, if for every submodule N of M there exists an ideal I of R
such that N = (0 :M I). It’s shown that if M is a comultiplication R-module,
then for each N ≤ M , N = (0 :M AnnRN). For more basic properties of
comultiplication modules we refer the reader to [4], [5] and [6].

In this paper we introduce purely comultiplication modules as a generalization
of comultiplication modules. An R-module M is called purely comultiplication
if for every pure submodule N of M there exists I�R such that N = (0 :M I),
where a submodule N of M is said to be pure if IM ∩N = IN for each I�R,
[2]. Equivalently N is a pure submodule if IM ∩ N = IN for each finitely
generated I � R. It’s well known that every direct summand of a module is

1jafar.azami@gmail.com, Department of Mathematics, University of Mohaghegh Ardabili,
Ardabil, Iran.

2maryamkhajepour@yahoo.com, Department of Mathematics, University of Mohaghegh
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a pure submodule. Also it’s easy to see that if M is purely comultiplication
module, then for each pure submodule N of M , N = (0 :M AnnRN).
In this note we study purely comultiplication modules, some results on purely
comultiplication modules are given. For example we show that for each pure

submodule N of a purely comultiplication module M , N and
M

N
are purely

comultiplication. Also we give some conditions under which, purely comulti-
plication are comultiplication.

2 The Results

Definition 1. An R-module M is called purely comultiplication, if every pure
submodule N of M is a comultiplication submodule. Equivalently, for every
pure submodule N of M , there exists an ideal I of R such that N = (0 :M
I). It’s easy to show that if M is purely comultiplication, then for each pure
submodule N of M , N =

(
0 :M AnnR(N)

)
.

Remark and Example 1. It’s clear that every comultiplication module is
purely comultiplication, but the converse is not ture in general, for example:
The Z-module Q is not comultiplication. Because for the submodule Z of Q
we have

Z 6=
(
0 :Q AnnZ(Z)

)
= (0 :Q 0) = Q

on the other hand, if M is a divisible over a PID R, then by [1, cor. 2.9,
p. 62] every pure submodule of M is a direct summand. But Q has only two
direct summands (0) and Q. Also 0 = (0 :Q AnnZ 0) = (0 :Q Z),Q = (0 :Q
AnnZQ) = (0 :Q 0). So Q is a purely comultiplication Z-module.

Definition 2. Let M be an R-module, a submodule N of M is called closed
if N = ∩f∈IN ker f , where IN = {f : M →M | N ⊆ ker f}, [7].

Definition 3. A submodule N of an R-module M is called coidempotent if
N =

(
0 :M (AnnRN)2

)
.

Theorem 1. Let M be a purely comultiplication module, then

i) Every pure submodule of M is fully invariant.

ii) Every pure submodule of M is closed.

iii) For every pure submodule N of M ; (N : M) = (AnnM : AnnN).

iv) Every pure submodule of M is coidempotent.
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Theorem 2. Let M be a purely comultiplication R-module, then the following
hold:

i) If N is a pure submodule of M , then N and
M

N
are purely comultiplication.

ii) Every direct summand of M is a purely comultiplication module. In par-

ticular, if N is a direct summand of M , then
M

N
is purely comultiplication.

Theorem 3. Let R be a commutative ring, M an R-module and N an R-
submodule of M , then N is a pure submodule of M if and anly if Np is an
Rp-pure submodule of Mp, for every maximal ideal p of R.

Theorem 4. Let R be a noetherian ring, and M be an R-module, then

i) If M is purely comultiplication, then Mp is a purely comultiplication Rp-
module for every maximal ideal p of R.

ii) If M is finitely generated, then M is purely comultiplication if and only if
Mp is purely comultiplication as an Rp-module, for every maximal ideal p
of R.

Theorem 5. Let M be an R-module and I be an ideal of R such that I ⊆
AnnRM , so M is a purely comultiplication R-module if and only if M is purely

comultiplication as an
R

I
-module.
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Idempotent and nilpotent elements of 2× 2 matrices
with entries in a certain class of associative algebras

Ali Reza Khoddami1

Abstract

Let R be a non-zero vector space (on C ) and 0 6= ϕ ∈ R∗, the product
r · s = ϕ(r)s converts R into an associative algebra that we denote it by
Rϕ. Also let M2×2(Rϕ) be the set of all 2 × 2 matrices with entries in
Rϕ. We investigate and characterize the nilpotent, idempotent and the
zero divisor elements of M2×2(Rϕ).
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1 Introduction and preliminaries

Let R be a non-zero vector space and ϕ be a non-zero element in R∗ (the
dual space of R). The product r · s = ϕ(r)s, r, s ∈ R converts R into an
associative algebra that we denote it by Rϕ. Some basic properties of these
algebras are investigated in [1, 2, 3, 4] by the author. Also the idempotent and
nilpotent elements of Rϕ[[x]] are investigated in [5], where Rϕ[[x]] is the set
of all formal power series with coefficients in Rϕ. We recall some properties
of Rϕ [1]. Let Hom(Rϕ,C) be the set of all algebraic homomorphisms from
Rϕ into C. Then Hom(Rϕ,C) = {0, ϕ}. Rϕ is commutative if and only if
dim(R) ≤ 1. Also in the case where dim R > 1 then, Z(Rϕ) = {0}, where
Z(Rϕ) is the algebraic center of Rϕ.

We recall some terminology. An element r of a ring R is called a right zero
divisor, if there exists a nonzero y such that yr = 0. Similarly an element r
is called a left zero divisor, if there exists a nonzero x such that rx = 0. An
element r that is both a left and a right zero divisor is called a two-sided zero
divisor. An element r ∈ R is nilpotent if rn = 0 for some n > 0. Also r ∈ R

1Department of Pure Mathematics, Shahrood University of Technology, P. O. Box
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E-mail: khoddami.alireza@shahroodut.ac.ir
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is idempotent if r2 = r.
Suppose

M2×2(Rϕ) =

{[
a b
c d

] ∣∣∣∣ a, b, c, d ∈ Rϕ

}
,

is the set of all 2× 2 matrices with entries in Rϕ. Clearly M2×2(Rϕ) with the
usual matrix-like addition, matrix-like multiplication and matrix-like scalar
multiplication is an associative algebra. We characterize the idempotent,
nilpotent and also the zero divisor elements of M2×2(Rϕ).

2 Main Results

In this section let R be a non-zero vector space and ϕ be a non-zero element

of R∗. We give necessary and sufficient conditions for

[
a b
c d

]
∈ M2×2(Rϕ),

to be idempotent, nilpotent, left or right zero divisor.

Theorem 1. Let R be a non-zero vector space and ϕ be a non-zero element

of R∗. Then an element A =

[
a b
c d

]
∈M2×2(Rϕ) is idempotent if and only

if one of the following statement holds.

• a = b = c = d = 0,

• ϕ(a) = ϕ(d) = 1 and b, c ∈ ker(ϕ),

• ϕ(a) = ϕ(d) = 1
2 and

a = 2ϕ(b)c,

b = 2ϕ(b)d,

c = 2ϕ(c)a,

d = 2ϕ(c)b.

• ϕ(a) + ϕ(d) = 1 and

ϕ(a)a+ ϕ(b)c = a,

ϕ(a)b+ ϕ(b)d = b,

ϕ(c)a = ϕ(a)c,

ϕ(c)b = ϕ(a)d.
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Theorem 2. Let R be a non-zero vector space and ϕ be a non-zero element

of R∗. Then an element A =

[
a b
c d

]
∈M2×2(Rϕ) is a left zero divisor if and

only if det(A) ∈ ker(ϕ).

Remark 1. If N is the set of all left zero divisor elements of M2×2(Rϕ),
then N is not an ideal. Indeed if a ∈ R is an element such that ϕ(a) 6= 0

then the two elements A =

[
a a
a a

]
and B =

[
a 0
0 0

]
are left zero divisors but,

A+B =

[
2a a
a a

]
is not a left zero divisor.

Theorem 3. Let R be a vector space with dim(R) > 1, and ϕ be a non-zero

element of R∗. Then each element

[
a b
c d

]
∈M2×2(Rϕ) is a right zero divisor.

Corollary 1. Let R be a vector space with dim(R) > 1, and ϕ be a non-zero

element of R∗. Then an element A =

[
a b
c d

]
∈M2×2(Rϕ) is a two-sided zero

divisor if and only if det(A) ∈ ker(ϕ).

Lemma 1. Let R be a non-zero vector space and ϕ be a non-zero element of
R∗. Then [

ϕ ϕ
ϕ ϕ

]
: M2×2(Rϕ) −→M2×2(C),

defined by, [
ϕ ϕ
ϕ ϕ

]([
a b
c d

])
=

[
ϕ(a) ϕ(b)
ϕ(c) ϕ(d)

]
is an algebraic homomorphism.

Theorem 4. Let R be a non-zero vector space and ϕ be a non-zero element
of R∗. Then an element [

a b
c d

]
∈M2×2(Rϕ)

is nilpotent if and only if [
ϕ(a) ϕ(b)
ϕ(c) ϕ(d)

]
∈M2×2(C)

is nilpotent.
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Note that the set of all nilpotent elements of M2×2(Rϕ) is not an ideal. Indeed

let e ∈ Rϕ be such that ϕ(e) = 1. It is obvious that A =

[
0 e
0 0

]
and

B =

[
0 0
e 0

]
are nilpotent elements but A + B =

[
0 e
e 0

]
is not a nilpotent

element.

References

[1] A. R. Khoddami and H. R. E. Vishki, The higher duals of a Banach
algebra induced by a bounded linear functional, Bull. Math. Anal. Appl.,
3 (2011), 118-122.

[2] A. R. Khoddami, Strongly zero-product preserving maps on normed alge-
bras induced by a bounded linear functional, Khayyam J. Math., 1 (2015),
no. 1, 107-114.

[3] A. R. Khoddami and M. Hasani, Endomorphisms and automorphisms of
certain semigroups, J. Semigroup Theory Appl., to appear.

[4] A. R. Khoddami, The second dual of strongly zero-product preserving
maps, preprint.

[5] A. R. Khoddami, On the formal power series algebras generated by a
vector space and a linear functional , preprint.

144



4th Seminar on Algebra and its Applications

August 9–11, 2016, University of Mohaghegh Ardabili

On the formal power series algebras over a certain
class of associative algebras

Ali Reza Khoddami1

Abstract

Given a vector space R ( on C) and ϕ ∈ R∗, the product r · s = ϕ(r)s
converts R into an associative algebra that we denote it by Rϕ. We
investigate some properties of the formal power series algebra Rϕ[[x]].
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1 Introduction and preliminaries

Let R be a ring and R[[x]] =
{∑∞

i=0 aix
i | ai ∈ R } be the set of all formal

power series with coefficients in R. It is well known that the set R[[x]] by the
following operations of addition and multiplication is a ring that is called the
formal power series ring over R.

∞∑
i=0

aix
i+

∞∑
i=0

bix
i =

∞∑
i=0

(ai+ bi)x
i, (

∞∑
i=0

aix
i)(
∞∑
i=0

bix
i) =

∞∑
n=0

(
n∑
k=0

akbn−k)x
n.

Similarly for an associative algebra A (over C) the set A[[x]] is again an associa-
tive algebra by the scaler multiplication α(

∑∞
i=0 aix

i) =
∑∞

i=0 αaix
i, α ∈

C and
∑∞

i=0 aix
i ∈ A[[x]].

We recall some terminology. An element r of a ring R is called a right zero
divisor, if there exists a nonzero y such that yr = 0. Similarly an element r
is called a left zero divisor, if there exists a nonzero x such that rx = 0. An
element r that is both a left and a right zero divisor is called a two-sided zero
divisor. An element r ∈ R is nilpotent if rn = 0 for some n > 0.
Let R be a non-zero vector space and ϕ be a non-zero element in R∗ (the dual
space of R). The product r ·s = ϕ(r)s, r, s ∈ R converts R into an associative
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algebra that we denote it by Rϕ. Some basic properties of these algebras are
investigated in [1, 2, 3, 4] by the author. We recall some properties of Rϕ [1].
Let Hom(Rϕ,C) be the set of all algebraic homomorphisms from Rϕ into C.
Then Hom(Rϕ,C) = {0, ϕ}. Rϕ is commutative if and only if dim(R) ≤ 1.
Also in the case where dim R > 1 then Z(Rϕ) = {0}, where Z(Rϕ) is the
algebraic center of Rϕ .

2 Main Results

In this section we characterize the idempotent and also the nilpotent elements
of Rϕ[[x]].

Theorem 1. Let R be a non-zero vector space and ϕ be a non-zero element
of R∗. Then an element P =

∑∞
i=0 aix

i ∈ Rϕ[[x]] is idempotent if and only if
one of the following statements holds.

1. P = 0.

2. ϕ(a0) = 1 and ai ∈ ker(ϕ) for all i ≥ 1.

If Rϕ[x] is the algebra of polynomials over Rϕ, then we can conclude the
following result.

Corollary 1. Let R be a non-zero vector space and ϕ be a non-zero element
of R∗. Then an element P =

∑n
i=0 aix

i ∈ Rϕ[x] is idempotent if and only if
one of the following statements holds.

1. P = 0.

2. ϕ(a0) = 1 and ai ∈ ker(ϕ) for all 1 ≤ i ≤ n.

Theorem 2. Let R be a non-zero vector space and ϕ be a non-zero element
of R∗. Then an element P =

∑∞
i=0 aix

i ∈ Rϕ[[x]] is nilpotent if and only if
ai ∈ ker(ϕ) for all i ≥ 0.

Corollary 2. Let R be a non-zero vector space and ϕ be a non-zero element
of R∗. Then an element P =

∑n
i=0 aix

i ∈ Rϕ[x] is nilpotent if and only if
ai ∈ ker(ϕ) for all 0 ≤ i ≤ n.

Let R be a commutative ring with an identity element. It is well known that
if P =

∑∞
i=0 aix

i ∈ R[[x]] is nilpotent, then ai is nilpotent for all i ≥ 0. But
the converse is not the case in general. It is true whenever R is Noetherian.
We recall that in the case where dim R > 1, Rϕ is neither commutative nor
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unital. But Theorem 4 shows that the set of all nilpotent elements of Rϕ[[x]]
is an ideal that is worthy of consideration. Note that the condition ai ∈ ker(ϕ)
is equivalent to a2

i = 0.

Theorem 3. Let R be a non-zero vector space and ϕ be a non-zero element
of R∗. Then an element P =

∑∞
i=0 aix

i ∈ Rϕ[[x]] is nilpotent if and only if
a2
i = 0 for all i ≥ 0.

Corollary 3. Let R be a non-zero vector space and ϕ be a non-zero element
of R∗. Then an element P =

∑n
i=0 aix

i ∈ Rϕ[x] is nilpotent if and only if
a2
i = 0 for all 0 ≤ i ≤ n.

Theorem 4. Let R be a non-zero vector space and ϕ be a non-zero element
of R∗. Also let N be the set of all nilpotent elements in Rϕ[[x]]. Then N is
an ideal.

Theorem 5. Let R be a vector space and dim R > 1. Also let ϕ be a non-zero
element of R∗. Then each element of Rϕ[[x]] is a right zero divisor.

Note that in the case where dim R = 1, the only two-sided zero divisor in
Rϕ[[x]] is P = 0.

Theorem 6. Let R be a non-zero vector space and ϕ be a non-zero element
of R∗. Then an element P =

∑∞
i=0 aix

i ∈ Rϕ[[x]] is a left zero divisor if and
only if ai ∈ ker(ϕ) for all i ≥ 0.

Applying Theorems 5 and 6, we can conclude the following results.

Corollary 4. Let R be a non-zero vector space and dim R > 1. Also let ϕ
be a non-zero element of R∗. Then an element P =

∑∞
i=0 aix

i ∈ Rϕ[[x]] is a
two-sided zero divisor if and only if ai ∈ ker(ϕ) for all i ≥ 0.

Corollary 5. Let R be a non-zero vector space and ϕ be a non-zero element
of R∗. Then the set of all left zero divisor elements in Rϕ[[x]] is an ideal.

Corollary 6. Let R be a non-zero vector space and ϕ be a non-zero element
of R∗. Then the set of all left zero divisor elements in Rϕ[[x]] is a subalgebra.

In the sequel let e ∈ ϕ−1({1}) and set x0 = e.

Theorem 7. Let R be a non-zero vector space and ϕ be a non-zero element
of R∗. Also let ψ : Rϕ[x] −→ C be a linear mapping and e ∈ ϕ−1({1}). Then
ψ ∈ Hom(Rϕ[x],C) if and only if

ψ(ker(ϕ)[x]) = 0 and ψ(exm) = (ψ(ex))m

for all m ≥ 0.
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Applying Theorem 7, we can present the following result.

Corollary 7. Let R be a non-zero vector space and ϕ be a non-zero element
of R∗. Also let ψ : Rϕ[[x]] −→ C be a linear mapping and e ∈ ϕ−1({1}). If
ψ ∈ Hom(Rϕ[[x]],C) then

ψ(ker(ϕ)[[x]]) = 0 and ψ(exm) = (ψ(ex))m

for all m ≥ 0.

Remark 1. It is clear that the map ϕ̂ : Rϕ[[x]] −→ C defined by

ϕ̂(
∞∑
i=0

aix
i) = ϕ(a0),

is an algebraic homomorphism.
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Abstract

In this paper, we present some homological classifications of pomonoids
by using Rees factor S-posets satisfying condition (Pw).
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1. Introduction

Throughout this paper S will denote a pomonoid that is, a monoid S together
with a partial order relation which is compatible with the binary operation.
A right S-poset AS is a right S-act A equipped with a partial order ≤ and, in
addition, for all s, t ∈ S and a, b ∈ A, if s ≤ t then as ≤ at, and if a ≤ b then
as ≤ bs. An S-subposet of a right S-poset A is a subset of A that is closed
under the S-action.
A right S-poset AS satisfies condition (P) if, for all a, b ∈ A and s, t ∈ S,
as ≤ bt implies a = a′u, b = a′v for some a′ ∈ A, u, v ∈ S with us ≤ vt,
and it satisfies condition (E) if, for all a ∈ A and s, t ∈ S, as ≤ at implies
a = a′u for some a′ ∈ A, u ∈ S with us ≤ ut. A right S-poset is called
strongly flat if it satisfies both conditions (P) and (E). Projectivity is defined
in the standard categorical manner. A right S-poset AS is weakly po-flat if
a ⊗ s ≤ a′ ⊗ t in AS ⊗ SS (equivalently, as ≤ a′t) implies that the same
inequality holds also in AS ⊗ S(Ss ∪ St) for a, a′ ∈ AS , s, t ∈ S. A right S-
poset AS is principally weakly po-flat if as ≤ a′s implies that a ⊗ s ≤ a′ ⊗ s
in AS ⊗ SSs for a, a′ ∈ AS , s ∈ S. Weakly flat and principally weakly flat can
be defined as same as the previous by replacing ≤ by =.
Condition (Pw) is introduced in [5]. An S-poset AS satisfies condition (Pw)
if, for all a, b ∈ A and s, t ∈ S, as ≤ bt implies a ≤ a′u, a′v ≤ b for some
a′ ∈ A, u, v ∈ S with us ≤ vt.
During recent years several articles on flatness properties of S-posets such
as projectivity, condition (P), condition (Pw), strong flatness,... have been
appeared. Flatness properties of one element and Rees factor S-posets are

1Department of Mathematics, Fasa University, Fasa, Iran. E-mail: khosravi@fasau.ac.ir

149



discussed in [2], [3]. In Section 2, we first discuss Rees factor S-posets satisfying
condition (Pw). Then we consider pomonoids over which flatness properties of
Rees factor S-posets imply condition (Pw). Finally, we give a classification of
pomonoids when Rees factor S-posets satisfying condition (Pw) imply other
properties of S-posets.
A subpomonoid K of S is called convex if K = [K] where [K] = {x ∈
S | ∃ p, q ∈ K, p ≤ x ≤ q}. If KS is a convex, proper right ideal of the
pomonoid S, S/KS will always stand for S/ν(K ×K).

2. Main Results

In this section, we focus our attention on Rees factor S-posets satisfying con-
dition (Pw). Then, we mainly consider the case when flatness properties for
Rees factor S-posets imply condition (Pw) and vice versa.
Let K be a convex, proper right ideal of a pomonoid S. K is called left
stabilizing if k ∈ [Kk] for every k ∈ K. Moreover, K is called strongly left
stabilizing if, (∀k ∈ K)(∀s ∈ S)

(k ≤ s⇒ (∃k′ ∈ K)(k′s ≤ s), and s ≤ k ⇒ (∃k′′ ∈ K)(s ≤ k′′s)).
The following result which was proved in [4] will be our main tool in what
follows.
Lemma 1. Let S be a pomonoid. The Rees factor S-poset S/K by a convex,
proper right ideal KS satisfies condition (Pw) if and only if for any k, l ∈ K
one of the following three conditions is satisfied:
(a) k ≤ l,
(b) there exist p, q ∈ K such that k ≤ pl and q < 1,
(c) there exist p, q ∈ K such that 1 < p and qk ≤ l.

For a subpomonoid X of a pomonoid S let [X) = {s ∈ S| ∃p ∈ X, p ≤ s} and
(X] = {p ∈ S | ∃x ∈ X, p ≤ x}.

Definition 1. Let K be a convex, proper right ideal of a pomonoid S. We say
that K has property (X) if it satisfies one of the following conditions:
(a) q < 1 for some q ∈ K, and K = (Kl] for each l ∈ K,
(b) q > 1 for some q ∈ K, and K = [Kl) for each l ∈ K.

Now we paraphrase the previous lemma as follows.

Lemma 2. Let K be a convex, proper right ideal of a pomonoid S. Then S/K
satisfies condition (Pw) if, and only if, either |K| = 1 or K satisfies property
(X).

A pomonoid S is called weakly right reversible in case Ss ∩ (St] 6= ∅ for all
s, t ∈ S. By Theorem 1 of [1], Θ satisfies condition (Pw) if and only if S is
weakly right reversible.
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Theorem 1. For any pomonoid S, the following statements are equivalent:
(i) all principally weakly flat right Rees factor S-posets satisfy condition (Pw);

(ii) S is weakly right reversible and each proper left stabilizing convex right
ideal K with |K| > 1 satisfies property (X).

In [1] it is shown that S/K is principally weakly po-flat for a proper convex
right ideal K if and only if K is strongly left stabilizing. Recall that Θ is also
principally weakly po-flat.

Proposition 1. For any pomonoid S, the following statements are equivalent:
(i) all principally weakly po-flat right Rees factor S-posets satisfy condition

(Pw);
(ii) S is weakly right reversible and each proper strongly left stabilizing convex
right ideal K with |K| > 1 satisfies property (X).

Theorem 2. For any pomonoid S, the following statements are equivalent:
(i) all weakly flat right Rees factor S-posets satisfy condition (Pw);

(ii) if S is weakly right reversible, then each proper left stabilizing convex right
ideal K with |K| > 1 satisfies property (X).

By Proposition 13 of [1], S/K is weakly po-flat for a proper convex right ideal
K if and only if K is strongly left stabilizing and S is weakly right reversible.

Proposition 2. For any pomonoid S, the following statements are equivalent:
(i) all weakly po-flat right Rees factor S-posets satisfy condition (Pw);

(ii) if S is weakly right reversible, then each proper strongly left stabilizing
convex right ideal K with |K| > 1 satisfies property (X).

Recall that for a proper, convex right ideal K, S/K satisfies condition (P) if
and only if |K| = 1.

Lemma 3. If a pomonoid S has a convex, proper right ideal K such that S/K
satisfies condition (Pw), then S is weakly right reversible.

Theorem 3. For any pomonoid S, the following statements are equivalent:

(i) all right Rees factor S-posets satisfying condition (Pw) also satisfy con-
dition (P);

(ii) if S is a weakly right reversible pomonoid, then S has no proper, convex
right ideal K having property (X) with |K| > 1.

Notice that Θ is strongly flat if and only if S is left collapsible. Moreover, if
K is a proper convex right ideal such that S/K is strongly flat, then |K| = 1.
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Proposition 3. For any pomonoid S, the following statements are equivalent:
(i) all right Rees factor S-posets satisfying condition (Pw) are strongly flat;

(ii) if S is weakly right reversible, then S is left collapsible, and S has no
proper, convex right ideal K with property (X) and |K| > 1.

If K is a convex, proper right ideal of S, then S/K is projective if and only if
|K| = 1. But if K = S, S/K = Θ is projective if and only if S has a left zero
element.

Proposition 4. For any pomonoid S, the following statements are equivalent:
(i) all right Rees factor S-posets satisfying condition (Pw) are projective;

(ii) if S is weakly right reversible, then S contains a left zero, and S has no
proper convex right ideal K with property (X) and |K| > 1.
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Mahdiyeh Moghimian1

Every homogeneous ideal I in the polynomial ring R = K[x1, . . . , xn] has a
finite minimal graded free resolution,

0 −→
⊕
j

R(−j)βl,j(I) −→ · · · −→
⊕
j

R(−j)β1,j(I) −→
⊕
j

R(−j)β0,j(I) −→ I −→ 0.

The Castelnuovo-Mumford regularity (or simply, regularity) of I, denoted
by reg(I), is an important invariant in commutative algebra and algebraic
geometry that governs the computational complexity of I, and is defined by

reg(I) = max{j − i| βi,j(I) 6= 0}.

While the regularity is linear for large powers, (see [2, Theorem 1.1]), the study
of initial behavior of regularity is often quite mysterious. For this reason,
computing the exact values or finding bounds for the regularity is a difficult
problem. Many simply stated questions and conjectures have been verified
only in very special cases.

There is a one-to-one correspondence between square-free monomial ideals
generated in degree two in R = K[x1, . . . , xn] and finite simple graphs with n
vertices. This correspondence is realized by forming an ideal I(G), called the
edge ideal of the graph G, where xixj is a generator of I(G) if and only if xi
and xj are connected by an edge of G. By abusing the notation, we identify
the generators of I(G) by the edges of G.

Finding connection between algebraic properties of an edge ideal and invari-
ants of graph is of great interest. One question in this area is to explain the
regularity of edge ideals and their powers by some information from combina-
torial invariants of the associated graph.

For some classes of graphs, like for example, chordal graphs and well-covered
bipartite graphs, it was shown that the regularity of the quotient ring R/I(G)
is equal to the maximum cardinality of the induced matching of G, denoted
by indmatch(G). (see [3, Corollary 6.9] and [6, Theorem 1.1] ).

1Islamic Azad University of Chalus, math moghimi@yahoo.com
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Also, in [5, Lemma 2.2], it was shown that for any graph G, the inequality

reg(R/I(G) ≥ indmatch(G)

holds.
Recently, Beyarslan, Hà and Trung found a lower bound for the regularity of
powers of edge ideals in terms of the induced matching number of G. They
proved that for every graph G and every integer s ≥ 1, we have

reg(I(G)s) ≥ 2s+ indmatch(G)− 1.

(see [1, Theorem 4.5]). In the same paper, they proved the equality for every
s ≥ 1, if G is a forest and for every s ≥ 2, if G is a cycle (see [1, Theorems 4.7
and 5.2] ).
On the other hand, for every graph G, It is known by Hà and Van Tuyl that the
regularity of R/I(G) is at most matching number of G, denoted by match(G).
(see [3, Theorem 6.7] ).
In this talk, we extend the matching upper bound of Hà and Van Tuyl to
powers of edge ideals. More precisely, we show that for every graph G and
every integer s ≥ 1,

reg(R/I(G)s) ≤ (2s− 1)|E(G)|s−1match(G).
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[3] H. T. Hà, A. Van Tuyl, Monomial ideals, edge ideals of hypergraphs, and
their graded Betti numbers, J. Algebraic Combin., 27 (2008), 215-245.
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Cyclic DNA codes over the ring F2 + uF2 + u2F2

Hojjat Mostafanasab1 and Ahmad Yousefian Darani2

Deoxyribonucleic acid (DNA) is a nucleic acid containing the genetic instruct-
ing used as the carrier of genetic information in all living organisms. DNA se-
quences consists of four bases nucleotides: Adenine (A), guanine (G), thymine
(T ) and cytosine (C). A single DNA strand is an ordered quaternary sequence
of the letters A, G, T , and C with chemically distinct polar terminals known
as the 5- and 3-ends. These strands are paired with each other as a double
helix. This pairing is done by obeying the Watson-Crick model. According
to this model, A and T bound to each other and G and C bound to each
other. A and G are called the complements of T and C, respectively or vice
versa. The complement of a base say X will be denoted by X, for instance,
the complement of A is A = T . As a general example, if X = (GCATAG) is
a DNA strand, then its complement is X = (CGTATC). DNA strand pair-
ing is done in the opposite direction and the reverse order. For instance, the
Watson-Crick complementary (WCC) strand of 3′ − ACTTAGA − 5′ is the
strand 5′ − TCTAAGT − 3′.

The interest on DNA computing started by the pioneer paper written by
Leonard Adleman [3]. Adleman solved a hard (NP-complete) computational
problem by DNA molecules in a test tube. Also, Richard J. Lipton in [9]
solved a hard computational problem using the structure of DNA.

Cyclic codes over finite rings played a very important role in the area of error
correcting codes, see [2]. Since then, the structure of DNA is used as a model
for constructing good error correcting codes and conversely error correcting
codes that enjoy similar properties with DNA structure are also used to un-
derstand DNA itself. Gaborit and King in [5] discussed linear construction
of DNA codes. In [1], DNA codes over finite fields with four elements were
studied by Abualrub et al. Later, Siap et al. studied DNA codes over the
finite ring F2[u]/ < u2−1 > with four elements in [10]. Yildiz and Siap in [11]
studied DNA codes over the ring F2[u]/ < u4 − 1 > with 16 elements.

1Department of Mathematics and Applications, University of Mohaghegh Ardabili, P. O.
Box 179, Ardabil, Iran, h.mostafanasab@gmail.com

2Department of Mathematics and Applications, University of Mohaghegh Ardabili, P. O.
Box 179, Ardabil, Iran, yousefian@uma.ac.ir
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Liang and Wang [8], investigated cyclic DNA codes over the ring F2 + uF2

where u2 = 0. Here, we study a family of cyclic DNA codes of the finite
ring F2 + uF2 + u2F2 with 8 elements. Mainly, we discuss on cyclic codes of
even length over F2 + uF2 + u2F2 satisfying the reverse constraint and the
reverse-complement constraint. Also, we determine the relationship between
the generators of cyclic codes over F2 + uF2 + u2F2 and their duals.

A linear code C of length n over a commutative ring R is an R-submodule
of Rn. An element of C is called a codeword. A code of length n is cyclic
if the code is invariant under the automorphism σ with σ(c0, c1, · · · , cn−1) =
(cn−1, c0, · · · , cn−2). It is well known that a cyclic code of length n over R can
be identified with an ideal in the quotient ring R[x]/〈xn−1〉 via the R-module
isomorphism as follows:

Rn −→ R[x]/〈xn − 1〉
(c0, c1, . . . , cn−1) 7→ c0 + c1x+ · · ·+ cn−1x

n−1 (mod 〈xn − 1〉)

There are 16 pairs constructed by four basic nucleotides A, T,G and C such
as

AA, TT,GG,CC,AT, TA,GC,CG,GT, TG,AC,CA,CT, TC,AG,GA.

Let R be the ring F2 +uF2 +u2F2 = {0, 1, u, u2, 1+u, 1+u2, 1+u+u2, u+u2}
where u3 = 0 mod 2. Since the ring R is of the cardinality 8, then we define
the map Φ which gives a one-to-one correspondence between the elements of
R and the 8 codons which are given in Table 1.

Table 1. Identifying 8 codons with the elements of the ring R.

GC 0 CG u2

AT 1 TA 1 + u2

GT u CA u+ u2

TG 1 + u AC 1 + u+ u2

Let X = x0x1 · · ·xn−1 ∈ Rn be a vector. The reverse of X is defined as
Xr = xn−1xn−2 · · ·x1x0, the complement of X is Xc = x0 x1 · · ·xn−1, and
the reverse-complement, also called the Watson-Crick complement (WCC) is
defined as Xrc = xn−1 xn−2 · · ·x1 x0.

Definition 1. A linear code C of length n over R is said to be reversible if
Xr ∈ C for all X ∈ C, complement if Xc ∈ C for all X ∈ C and reversible-
complement if Xrc ∈ C for all X ∈ C.
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Definition 2. A linear code C of length n over R is called a DNA code if

1. C is a cyclic code, i.e. C is an ideal of R[x]/〈xn − 1〉; and

2. For any codeword X ∈ C, X 6= Xrc and Xrc ∈ C.

For each polynomial f(x) = a0 +a1x+ · · ·+arx
r with ar 6= 0, the reciprocal of

f(x) is the polynomial f∗(x) = xrf(1/x) = ar+ar−1x+· · ·+a0x
r. It is easy to

see that deg(f∗(x)) ≤ deg(f(x)) and if a0 6= 0, then deg(f∗(x)) = deg(f(x)).
A polynomial f(x) is called self-reciprocal if f∗(x) = f(x).

Definition 3. Let C be a cyclic code over R. Define

Cu2 = {u2k(x) | k(x) ∈ F2[x] and u2k(x) ∈ C}.

Notice that Cu2 is a subcode of C.

Theorem 1. Let C = 〈g(x) + up1(x) + u2p2(x), u2a2(x)〉 be a cyclic code over
R with a2(x) | g(x) mod 2. Then Cu2 = 〈u2a2(x)〉.

Theorem 2. Let C = 〈g(x)+up1(x)+u2p2(x)〉 be a cyclic code of even length
n over R with deg(g(x)) = r, deg(p1(x)) = s and deg(p2(x)) = t where r > s.
Then C is reversible if and only if

1. g(x) is self-reciprocal;

2. (a) xr−sp∗1(x) = p1(x) and xr−tp∗2(x) = p2(x), or

(b) xr−sp∗1(x) = g(x) + p1(x) and xr−tp∗2(x) = p1(x) + p2(x), or

(c) xr−sp∗1(x) = p1(x) and xr−tp∗2(x) = g(x) + p2(x), or

(d) xr−sp∗1(x) = g(x) + p1(x) and xr−tp∗2(x) = g(x) + p1(x) + p2(x).

Theorem 3. Let C = 〈g(x) + up1(x) + u2p2(x), u2a2(x)〉 be a cyclic code of
even length n over R with deg(g(x)) = r, deg(p1(x)) = s and deg(p2(x)) = t
where r > max{s, t}. Also, assume that a2(x) | g(x) | (xn − 1) mod 2. Then
C is reversible if and only if

1. g(x) and a2(x) are self-reciprocal;

2. (a) xr−sp∗1(x) = p1(x) and a2(x) | xr−tp∗2(x) + p2(x), or

(b) xr−sp∗1(x) = g(x) + p1(x) and a2(x) | xr−tp∗2(x) + p1(x) + p2(x).

From now on, we denote I(x) = 1+xn

1+x .

Theorem 4. Let f(x) ∈ R[x]. Then f(x)rc + u2I(x) = f(x)r.
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Theorem 5. Let C be a cyclic code of lenght n over R. Then C is reversible-
complement if and only if C is reversible and u2I(x) ∈ C.

Theorem 6. Let C1, C2 be two reversible-complement cyclic codes of lenght n
over R. Then C1 + C2 and C1 ∩ C2 are reversible-complement cyclic codes.

Let X = x0x1 . . . xn−1 and Y = y0y1 . . . yn−1 be two elements of Rn. Then
we denote the Euclidean inner product in Rn as 〈X,Y 〉E = x0y0 + x1y1 +
· · ·+ xn−1yn−1. Two elements X and Y are called orthogonal with respect to
the Euclidean inner product, if 〈X,Y 〉E = 0. The Hermitian inner product is
defined as 〈X,Y 〉H = x0y0 +x1y1 + · · ·+xn−1yn−1. Two elements X and Y are
called orthogonal with respect to the Hermitian inner product, if 〈X,Y 〉H = 0.
The dual code C⊥ with respect to the Euclidean inner product of C is defined
as

C⊥ = {X ∈ Rn | 〈X,Y 〉E = 0 for all Y ∈ C}.

The dual code C⊥H with respect to the Hermitian inner product of C is defined
as

C⊥H = {X ∈ Rn | 〈X,Y 〉H = 0 for all Y ∈ C}.

In the following theorem, the Euclidean dual and the Hermitian dual of a
cyclic code of lenght n over R are considered.

Theorem 7. Let C be a cyclic code of lenght n over R. The following condi-
tions are equivalent:

1. C is reversible;

2. C⊥ is reversible;

3. C⊥H is reversible.

Theorem 8. Let C = 〈g(x) + up1(x) + u2p2(x), ua1(x) + u2q(x), u2a2(x)〉 be
a cyclic code of even lenght n over R with a2(x) | a1(x) | g(x) | (xn − 1)
mod 2, also a1(x) | p1(x), a2(x) | p2(x) and a2(x) | q(x). Moreover, assume
that deg(g(x)) = r, deg(p1(x)) = s and deg(p2(x)) = t where r > max{s, t},
also deg(a1(x)) = l, deg(q(x)) = m with l > m. If C⊥ = 〈ĝ(x) + up̂1(x) +
u2p̂2(x), uâ1(x) + u2q̂(x), u2â2(x)〉 is the dual cyclic code of C, then

1. ĝ(x) = xn−1
a∗2(x)α(x) for some α(x) ∈ F2[x].

2. â1(x) = xn−1
a∗1(x)β(x) for some β(x) ∈ F2[x].

3. â2(x) = xn−1
g∗(x)γ(x) for some γ(x) ∈ F2[x].
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4. q̂(x) = xn−1
g∗(x)µ(x) for some µ(x) ∈ F2[x].

5. p̂1(x) = xn−1
a∗1(x)ν(x) for some ν(x) ∈ F2[x].

6. p̂2(x) = xn−1
g∗(x)η(x) for some η(x) ∈ F2[x].
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abelianization of a graded division algebra
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Abstract

The torsion subgroup of the abelianization of a graded division algebra
is studied. It is observed that the computations here are much more
straightforward than in the non-graded setting. Bridges to the ungraded
case are then established by the following theorem: It is proved that
the torsion subgroup of the abelianization of a division algebra becomes
equal with the torsion subgroup of its associated graded division algebra.

AMS subject Classification 2010: 11R52, 13A02, 16W60.
Keywords: Division algebra, graded ring, Valuation.

1 Introduction

Throughout this paper D denotes a finite-dimensional division algebra over
its center F . Recall that dimF D = n2 (as a vector space) for a positive
integer n. Such n is called the degree of D and is denoted by deg(D). Let
Dab = D∗/D′ be the abelianization of D. Note that since D is a division ring,
Dab coincides with the Whitehead group K1(D). In [2] the torsion subgroup
of Dab, denoted by T (D), has been computed for certain division algeras.
Using these computations, the author succeeded to provide a non-commutative
version of a theorem of May about the structure of the multiplicative groups
of fields [1]. In this paper, our aim is to extend these results to the case of
graded division algebras. Indeed, we present a general scheme for computing
the group T (E) where E is a graded division algebra. It is observed that
the computations here are much more straightforward than in the non-graded
setting. Bridges to the ungraded case are then established by Congruence
Theorem (Theorems 2 and 3 below).
We now mention some of the terminology that will be used throughout the
paper:
Let Γ be a totally ordered abelian group and let R be a ring graded by Γ, i.e.,
R = ⊕γ∈ΓRγ , where each Rγ is an additive subgroup of R and RγRδ ⊆ Rγ+δ

1Faculty of Basic Sciences, Babol University of Technology, Babol, Iran
motiee@nit.ac.ir
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for all γ, δ ∈ Γ. Set ΓR = {γ ∈ Γ | Rγ 6= 0}, the grade set of R; Rh =⋃
γ∈ΓR

Rγ , the set of homogeneous elements of R.

For a homogeneous element of R of degree. A subring S of R is called a graded
subring if S = ⊕γ∈ΓR(S∩Rγ). For example, Z(R), the center of R, is a graded
subring of R. For a graded ring R, a graded left R-moduleM is a left R-module
with a grading M =

⊕
γ∈Γ′Mγ , where the Mγ are all abelian groups and Γ′

is a totally ordered abelian group containing Γ, such that Rγ ·Mδ ⊆ Mγ+δ

for all γ ∈ ΓR, δ ∈ Γ′. Then, ΓM and Mh are defined analogously to ΓR and
Rh. A graded left R-module M is said to be graded free if it has a base as a
free R-module consisting of homogeneous elements. A grade ring E = ⊕γ∈ΓEγ
is called a graded division ring if every non-zero homogeneous element of E
has a multiplicative inverse. By definition, it is clear that E0 is a division ring
itself. If T is a commutative graded division ring, then we say that T is a
graded field. In particular, Z(E), the center of a graded division ring E, is a
graded field and evidently E is a Z(E)-graded module. By an easy adaptation
of the ungraded arguments, one can observe that E is Z(E)-graded free, and
every two homogenous basis have a same cardinality. We write [E : Z(E)] for
the rank of E as graded left free Z(E)-module. Furthermore, if [E : Z(E)] <∞
then E is called a graded division algebra. By Corollary 2.29 of [3], [E : Z(E)]
is always a square, i.e., [E : Z(E)] = n2 for some n. In this case, n is called
the degree of E and is denoted by deg(E). E is called unramified if ΓE = ΓT.
E is said to be totally ramified if E0 = T0. We also say that E is semiramified
if E0 is a field and [E0 : T0] = |ΓE : ΓT| = deg(E). Furthermore, E is called
decomposably semiramified if it has maximal graded subfields L and K which
are respectively unramified and totally ramified over T.

2 Main results

The following theorem is the main result of this note. Before stating it, we
recall some defnitions which will appear in our description of T (E). Let L/F
be a finite Galois extension with Galois group G. Let NL/F : L∗ −→ F ∗

be the norm map. For each k ≥ 1, let N (k) be the kernel of Nk
L/F , i.e.,

N (k) = {a ∈ L∗ | NL/F (a)k = 1}. Define Ĥ−1
k (G,L∗) = N (k)/IG(L) where

IG = 〈σ(a)a−1 | σ ∈ G, a ∈ L∗〉. Note that for k = 1, Ĥ−1
k (G,L∗) co-

incides with −1th Tate cohomology group Ĥ−1(G,L∗). Clearly, the fam-
ily {Ĥ−1

k (G,L∗)}k≥1 together with the inclusion maps ιji : Ĥ−1
i (G,L∗) −→

Ĥ−1
j (G,L∗), i ≤ j, is a dirceted system of abelian groups. Define Ĥ−1(G,L∗) =

limk Ĥ−1
k (G,L∗).
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Theorem 1. Let E be a graded T-division algebra of degree n. Then

1. If E is unramified, then T (E) ∼= T (E0).

2. If E is totally ramifie, then T (E) ∼= T (T0)/µe(T0) where e = exp(ΓD/ΓF )
and µe(T0) is the group of e-th roots of unity in T0.

3. If E is semiramified, then there is a exact sequence

ΓE/ΓT ∧ ΓE/ΓT −→ Ĥ−1(G,E0
∗) −→ T (E) −→ 1, (1)

where G = Gal(E0/T0).

4. If E is nicely semirafied, then the leftmost map in in (1) vanishes and so
T (E) ∼= Ĥ−1(G,E∗0).

The following corollary is an immediate consequence of the first case of The-
orem 1.

Corollary 1. If D is a division algebra, then T (D[x, x−1]) ∼= T (D).

Now, let D be a division algebra. By a valuation on D with values in Γ, we
mean a map v : D∗ → Γ satisfying, for all a, b ∈ D∗, v(ab) = v(a) + v(b)
and v(a + b) ≥ min{v(a), v(b)}. We write ΓD for the value group of v, i.e.,
ΓD = v(D∗). We denote the valuation ring by VD = {d ∈ D∗ | v(d) ≥ 0}∪{0}.
It can be seen that this ring has a unique maximal ideal denoted by MD = {d ∈
D∗ | v(d) > 0}∪{0}. We denote the residue division ring of v by D = VD/MD.
Let UD = {d ∈ D∗ | v(d) = 0} and observe that UD = V ∗D. When we restrict v
to F ∗, we obtain a valuation w on the field F . The objects for w corresponding
to those for v are denoted by ΓF , VF , MF , UF and F . Since VF ∩MD = MF ,
one can consider the residue field F as a subalgebra of D. F is called Henselian
if its valuation has a unique extension to any algebraic extension of F . By
Theorem 1.4 of [3], when F is Henselian, its valuation has a unique extension
to each finite dimensional F -division algebra. D is called tame if Z(D)/F is
separable and charF - n. In this setting, we say that D is unramified over
F if [ΓD : ΓF ] = 1. At the other extreme, D is said to be totally ramified if
[D : F ] = [ΓD : ΓF ]. In a case in the middle, D is said to be semiramified if
D is a field and [D : F ] = |ΓD : ΓF | = deg(D). Moreover, If D has maximal
subfelds L and K which are respectively unramifed and totally ramifed over
F , then D is called nicely semiramified.

Theorem 2 (Congruence Theorem, see Theorem 9 of [2]). Let D be a tame
division algebra over a Henselian field F = Z(D), of index n. Suppose that
G is a subgroup of D∗ containing [D∗, D∗] and that G/[D∗, D∗] is torsion. If
charF = charF then (1 +MD) ∩G ⊆ [D∗, D∗].
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We associate to D a graded division algebra as follows: Given γ ∈ ΓD, let

D≥γ = {d ∈ D | v(d) ≥ γ} ∪ {0}, an additive subgroup of D;

D>γ = {d ∈ D | v(d) > γ} ∪ {0}, a subgroup of D≥γ ; and

gr(D)γ = D≥γ/D>γ .
Then define

gr(D) =
⊕
γ∈ΓD

gr(D)γ .

Theorem 3. Let D be a tame division algebra over its center F of degree n.
If charF = charF , then T (D) ∼= T (gr(D)).

Combining Congruence Theorem with Theorem 3 gives the following interest-
ing result. Note that the first two cases of this result previously announced in
[2].

Corollary 2. Let D be tame division algebra over a Henselian field F = Z(D),
of index n. If charF = charF , then

1. If D is unramified, then T (D) ∼= T (D);

2. If D is totally ramified, then T (D) ∼= T (F )/µe(F ), where e = exp(ΓD/ΓF )
and µe(F ) is the group of e-th roots of unity in F .

3. If D is semiramified, then there is a exact sequence

ΓD/ΓF ∧ ΓD/ΓF −→ Ĥ−1(G,D
∗
) −→ T (D) −→ 1, (2)

where G = Gal(D/F ).

4. If D is nicely semiramified, then T (D) ∼= Ĥ−1(G,D
∗
).
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Abstract

Structure of the Brauer group of fields is studied. It is shown that any ele-
mentary abelian group is realizable as the relative Brauer group Br(L/F )
for some field extension L/F . It is also proved that any torsion abelian
group can become visible as a homomorphic image of the Brauer group
of a field.
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1 Introduction

Let F be a field. Recall that the Brauer group of F , denoted by Br(F ),
is a torsion abelian group whose elements are Morita equivalence classes of
central simple algebras over F , with addition given by the tensor products of
algebras. This group arose out of attempts to classify division algebras over
a field. It can also be defined in terms of Galois cohomology. More exactly,
Br(F ) ∼= H2

c (Gal(Fsep/F ), F ∗sep) where Fsep is the separable closure of F . (For
a background on Brauer group see [1, §9].) Recall that given an extension L/F ,
the relative Brauer group Br(L/F ) is the subgroup of Br(F ) consisiting of
those Brauer classes of finite dimensional central simple F -algebras which are
split by L. An inverse problem in the theory of Brauer groups which has not
yet been settled satisfactorily is what torsion abelian groups can occur as the
Brauer group of a field. In [3], the presented author showed that any torsion
divisible abelian group is realizable as the tame Brauer group of a generalized
local field. In this paper, our aim is to investigate this problem in case of
relative Brauer groups. We prove that any elementary abelian group can
become visible as the relative Brauer group Br(L/F ) for some field extension
L/F . It is also shown that any torsion abelian group is a homomorphic image
of the Brauer group of a suitable field.
We now mention some of the terminology that will be used throughout the
paper:

1Faculty of Basic Sciences, Babol University of Technology, Babol, Iran
motiee@nit.ac.ir
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Let Γ be a totally ordered abelian group. By a valuation on F with values in
Γ, we mean a map v : F ∗ → Γ satisfying, for all a, b ∈ F ∗, v(ab) = v(a) + v(b)
and v(a + b) ≥ min{v(a), v(b)}. We write ΓF for the value group of v, i.e.,
ΓF = v(F ∗). We denote the valuation ring by VF = {a ∈ F ∗ | v(a) ≥ 0}∪{0}.
It can be seen that this ring has a unique maximal ideal denoted by MF =
{a ∈ F ∗ | v(a) > 0} ∪ {0}. We denote the residue field of v by F = VF /MF .
A field F with a valuation v is called Henselian if v has a unique extension
to each algebraic extension of F . We also say that L/F is tamely ramified if
[L : F ] = [L : F ]|ΓL : ΓF |, L/F is separable and (F ) - |ΓL : ΓF |. The best
general reference for the valued division algebras is [4].
Now, let L/F be an arbitrary finite field extension. Recall that the norm
factor group for this extension is defined by NF(L/F ) = F ∗/NL/F (L∗), where
NL/F (L∗) is the image of L∗ under the norm map. This group plays important
rules in the class field theory. For example, if L/F is a Galois extension, then
NF(L/F ) is the 0-Galois cohomology group H0(Gal(L/F ), L∗). In addition,
when L/F is a cyclic extension, we have NF(L/F ) ∼= H2(Gal(L/F ), L∗) ∼=
Br(L/F ).

2 Main results

We begin our investigation by the following theorem. Before stating it, we
recall that a Henselian field F is called a generalized local field if F is finite.

Theorem 1. Let F be a generalized local field and K/F be a tamely ramified
extension with degree n. Then we have a exact sequence

1 −→ F
∗

F
∗s −→ NF(K/F ) −→ ΓF

nΓK
−→ 1,

where s = [K : F ]/[K : F ].

Corollary 1. Let F be a generalized local field and K/F be a tamely ramified
cyclic extension with degree n. Then

Br(K/F ) ∼=
F
∗

F
∗s ⊕

ΓF
nΓK

.

Using Corollary 1, we can prove the following interesting result.

Theorem 2. Let A be an elementary abelian group, i.e., A ∼= ⊕j∈JZp for
some prime number p. Then there exists a generalized local field F and an
extension L/F such that Br(L/F ) ∼= A.
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As indicated above, an open problem in the theory of Brauer groups is what
torsion abelian are realizable as the Brauer group of a field. One can observe
that by a theorem of Merkurjev [2], each torsion abelian group A can be
embedded in the Brauer group of a field. The following theorem shows that
A is also a homomorphic image of the Brauer group of a field.

Theorem 3. Given any torsion abelian group A, there exists a field F such
that A is a homomorphic image of Br(F ).
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Abstract

In this article, we show that, if Int(D) is not Noetherian then Int(Tn(D)) :=
{f ∈ Tn(K)[x] | f(Tn(D)) ⊆ Tn(D)} is a non-Noetherian ring, where D
is an integral domain with the field of fractions K and Tn(D) is the up-
per triangular matrix ring over D. Also, we state a lower bound of Krull
dimension of integer-valued polynomials ring Int(Tn(D)).

1 Introduction

Throughout the article, D denotes a commutative integral domain and K is
the field of fractions of D. Also, the term ideal refers to a two-sided ideal.
Let R be a ring (not necessarily commutative). We recall that R[x] is the
polynomial ring in one variable x over R, where x commutes with the elements
of R. For a polynomial

f(x) :=
n∑
i=0

aix
i ∈ R[x],

and an element r ∈ R, we denote the evaluation of f at r by f(r) and we
define

f(r) :=
n∑
i=0

air
i.

Note that although
∑n

i=0 aix
i =

∑n
i=0 x

iai in the polynomial ring R[x], the
two elements

∑n
i=0 air

i and
∑n

i=0 r
iai of R may be different.

The ring of integer-valued polynomials over D is defined by

Int(D) := {f ∈ K[x] | f(D) ⊆ D}.
1Department of Mathematics, Shahrekord University, P.O. Box: 115, Shahrekord, Iran,

naghipour@sci.sku.ac.ir
2sedighihafshejani@gmail.com
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More generally, if S is a non-empty subset of D then the integer-valued poly-
nomials ring over S respect to D is defined by

Int(S,D) := {f ∈ K[x] | f(S) ⊆ D}.

The ring Int(S,D) is a commutative ring using ordinary addition and mul-
tiplication. We refer the reader to [1] for more information about the ring
Int(S,D).

If f(x), g(x) ∈ R[x], then (fg)(x) denotes the product of f(x) and g(x) in
R[x]. If R is noncommutative and α ∈ R, then (fg)(α) needs not equal to
f(α)g(α). In this case, if f(x) =

∑
i aix

i, then we may express

(fg)(x) :=
∑
i

aig(x)xi.

In this regard, we put (fg)(α) =
∑

i aig(α)αi. Recently, the ring Int(R) is con-
sidered in some cases for noncommutative rings (see for example [2, 3, 4, 5, 6]).

We define

Int(Tn(D)) : = {f ∈ Tn(K)[x] | f(Tn(D)) ⊆ Tn(D)}.

Frisch proved Int(Tn(D)) is a ring [3]. We consider the ring Int(Tn(D)) and
we show that, if Int(Tn(D)) is a Noetherian ring then Int(D) is too. Moreover,
we state a lower bound of Krull dimension of Int(Tn(D)).

2 Main results

In this section, we present a surjective ring homomorphism between Int(Tn(D))
and Int(D). Then by this homomorphism, we state a valuable statement about
Noetherian property of the ring Int(Tn(D)). Also, we obtain a lower bound of
Krull dimension of Int(Tn(D)) respect to Krull dimension of Int(D).

Notation. If f(x) = Brx
r + Br−1x

r−1 + · · · + B0 ∈ Int(Tn(D)) then we

denote Bk = [b
(k)
ij ] for every 0 ≤ k ≤ r. It is obvious that b

(k)
ij ∈ K for every

0 ≤ i, j ≤ n and 0 ≤ k ≤ r, also b
(k)
ij = 0 when i > j.

By this notation we present a ring homomorphism in the following lemma.
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Lemma 1. Let D be an integral domain and K be the field of fractions of D.
Then

ϕ : Int(Tn(D))→ Int(D)

[b
(r)
ij ]xr + [b

(r−1)
ij ]xr−1 + · · ·+ [b

(0)
ij ] 7→ b

(r)
nnxr + b

(r−1)
nn xr−1 + · · ·+ b

(0)
nn ,

is a surjective ring homomorphism.

Now, we may prove the following valuable theorem about relation between
Noetherian property of Int(Tn(D)) and Int(D).

Theorem 1. If Int(Tn(D)) is a Noetherian ring then Int(D) is a Noetherian
ring, too.

It was known that Int(Z) is not Noetherian, then by the above theorem
Int(Tn(Z)) is not Noetherian. Also by [1, Proposition VI.2.4], we may state
the following corollary.

Corollary 1. Let D′ be integral closure of D. If Int(D) * D′[x] then Int(Tn(D))
is not Noetherian.

Let R be a ring, a chain P0 ⊂ P1 ⊂ · · · ⊂ Pn of prime ideals of R is said to
be of length n and that the Krull dimension of ring R is the supremum of the
lengths of such chains in R and we denote it by dimR. In the next theorem
we give a lower bound for Krull dimension of the integer-valued polynomials
ring Int(Tn(D)).

Theorem 2. Let D be a domain. Then we have

dim(Int(Tn(D))) ≥ dim(Int(D)) ≥ dim(D[x])− 1.
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Abstract

In the present paper, we study the notion of Artinian MV -algebras
and we state some equivalent definitions of Artinian MV -algebras. In
addition, we study the Artinian over product of two MV -algebras.

1 Introduction and preliminaries

MV -algebras are the algebraic structures of  Lukasiewicz ∞-valued logic and
they were defined by Chang in 1958 [2]. Their theory was developed exten-
sively after 1986, when Mundici [5] proved that MV -algebras are categorically
equivalent with abelian lattice-ordered group with strong unit. For more de-
tails of this concept, we refer the reader to [1, 2, 5]. L. P. Belluce studied
MV -algebras that satisfy the ascending or descending chain conditions on
ideals. They demonstrated, for example, if an MV -algebra is Artinian, then
it has a finite number of minimal prime ideals. In this paper, we study the no-
tion of Artinian MV -algebras and we discuss it. We translate some important
results from the theory of Artinian rings the case of MV -algebras. Moreover,
we study the concept of Artinian to product of two MV -algebras.
Before starting the main contribution of the current work, we briefly express
the concept of the MV -algebra and some theorems about it in the following.

Definition 1. [2] An MV -algebra is a structure (M , ⊕, *, 0) where ⊕ is a
binary operation, *, is a unary operation, and 0 is a constant such that the
following axioms are satisfied for any a, b ∈M :
(MV 1) (M , ⊕, 0) is an abelian monoid, (MV 2) (a∗)∗ = a, (MV 3) 0∗ ⊕ a =
0∗, (MV 4) (a∗ ⊕ b)∗ ⊕ b = (b∗ ⊕ a)∗ ⊕ a.
Note that 1 = 0∗ and the auxiliary operation � as follow: x�y = (x∗⊕y∗)∗. We
recall that the natural order determines a bounded distributive lattice structure
such that x ∨ y = x ⊕ (x∗ � y) = y ⊕ (x � y∗) and x ∧ y = x � (x∗ ⊕ y) =
y � (y∗ ⊕ x).

1Faculty of Mathematics and computing, Higher Education Complex of Bam,
frouzesh@bam.ac.ir

2Depatment of Mathematics, Vali-e-Asr University of Rafsanjan, z.nazari@vru.ac.ir
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Definition 2. [2] An ideal of an MV -algebra A is a nonempty subset I of A
satisfying the following conditions:
(I1) If x ∈ I , y ∈ A and y ≤ x then y ∈ I, (I2) If x, y ∈ I, then x ⊕ y ∈ I.
We denote by Id(A) the set of ideals of an MV -algebra A.

Definition 3. [3] Let I be an ideal of an MV -algebra A. Then I is a proper
if I 6= A. Proper ideal P is a prime if and only if for all x, y ∈ A, x� y∗ ∈ P
or y � x∗ ∈ P . Or equivalently, if x ∧ y ∈ P , then x ∈ P or y ∈ P . Or
equivalently, a proper ideal P is a prime if and if I ∩ J ⊆ P ⇒ I ⊆ P or
J ⊆ P , for all I, J ∈ Id(M). We denote by Spec(M) the set of all prime
ideals of M .

Lemma 1. [3] M is a maximal ideal of an MV -algebra A if and only if for
any x /∈M , (nx)∗ ∈M , for some integer n ≥ 1.

The set of all maximal ideals of an MV -algebra A is denoted by Max(A).

Theorem 1. [3] Let I be a proper ideal of A. Then the following statements
hold:
(1) Any prime ideal of A is contained in a unique maximal ideal of A,
(2) If a ∈ A− I, then there exists a prime ideal P of A such that I ⊆ P and
a /∈ P .

2 Some results in Artinian MV -algebras

Definition 4. An MV -algebra A is called Artinian, if for every decreasing
chain of its ideals like I1 ⊇ I2 · · · , there exists n ∈ N such that Ii = In, for all
i ≥ n [1].

Example 1. We consider Chang’s MV -algebra C={0,c,2c,3c,. . . ,1-2c,1-c,1}
be the MV -algebra with operations as follows:
if x = nc and y = mc, then x⊕ y := (m+ n)c, if x = 1− nc and y = 1−mc,
then x ⊕ y := 1, if x = nc and y = 1 −mc and m ≤ n, then x ⊕ y := 1, if
x = nc and y = 1−mc and n < m, then x⊕ y := 1− (m− n)c, if x = 1−mc
and y = nc and m ≤ n, then x⊕y := 1, if x = 1−mc and y = nc and n < m,
then x⊕ y := 1− (m− n)c, if x = nc, then x∗ := 1− nc, if x = 1− nc, then
x∗ := nc. C is a prefect MV -algebra (i.e, C has only a maximal ideal) and it
has only three ideals: {0}, M = {0, c, 2c, 3c, . . .} and C [2]. Obviously, A is a
Artinian MV -algebra.

Example 2. Let G = ⊕{Zi/i ∈ N} be the lexicographic product of denumerable
infinite copies of the abelian l-group Z of the relative integers and ei ∈ G

172



such that eik = 0 if k 6= i and eik = 1 if k = i. u = (1, 0, 0, 0, . . .) is the
strong unit of G, i.e., for every x ∈ G, there is an integer n ≥ 0 such that
−nu ≤ x ≤ nu, where ≤ is the lexicographic order on G. It is well-know
that A = Γ(G, u) = [0, u]G, where Γ is a functor from the category of abelian
l-groups to the category of prefect MV -algebras, thus u is the top element of
A.If we set Pi =< (0, ei) >, then Pi ⊆ Pj, for i > j, hence the prime spectrum
of A is SpecA = {Pi/i ∈ N} as in [4]. Since P1 ⊇ P2 ⊇ P3 ⊇ · · · ⊇ Pn ⊇ · · · ,
hence A is not a Artinian MV -algebra.

Theorem 2. Let A be an MV -algebra. Then A is a Artinian MV -algebra if
and only if every non empty set of ideals of A has a minimal element.

Lemma 2. Let A be an Artinian MV -algebra and I ∈ Id(A). Then A/I is
an Artinian MV -algebra.

Definition 5. Let A be an MV -algebra and I ∈ Id(A). A prime ideal P of A,
is called a minimal prime ideal of I if I ⊆ P and if there exists J ∈ Spec(A)
such that I ⊆ J ⊆ P , then P = J .

Proposition 1. Let A be an MV -algebra and I ∈ Id(A). Then the following
statments hold: (i) A has a maximal ideal and prime ideal, (ii) Min(I) is a
non empty set, (iii) Let P be a prime ideal of A which contains I. Then there
exists J ∈Min(I) such that I ⊆ J ⊆ P .

Theorem 3. Let A be an Artinian MV -algebra. Then Max(A) is a finite
set.

Proof. Put S = {I ∈ Id(A) : I is intersection of finitely many maximal ideals of A}.
Now if Max(A) is a non empty set, then S is a non empty set. So by Theo-
rem 2, S has a minimal element I1. Thus there exists M1, . . . ,Mt ∈ Max(A)
such that I1 = M1 ∩ · · · ∩Mt. Now let M ∈ Max(A). Then M ∩ I1 ⊆ I1,
M∩I1 = M∩M1∩· · ·∩Mt ∈ S and I1 is a minimal element of S, so M∩I1 = I1.
Thus I1 = M1 ∩ · · · ∩Mt ⊆ M . As M ∈ Max(A), we have M ∈ Spec(A), so
there exists j ∈ N , such that Mj ⊆ M . Now as M,Mj ∈ Max(A), we get
M = Mj . Therefore Max(A) = {M1, . . .Mt}, that is a finite set.

Remark 1. Let A and B be MV -algebras. Then A×B with operations below
is MV -algebra that is called product of two MV -algebras.
(a, b) ∧ (c, d) = (a ∧ c, b ∧ b), (a, b) ∨ (c, d) = (a ∨ c, b ∨ d), (a, b) ⊕ (c, d) =
(a ⊕ c, b ⊕ d), (a, b)∗ = (a∗, b∗), (a, b) ≤ (c, d) ⇔ a ≤ c and b ≤ d, for all
a, c ∈ A and b, d ∈ B.

In the following theorem, we characterize the ideals of product of two MV -
algebras.
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Theorem 4. Let A and B be MV -algebras. Then K is an ideal of A× B if
and only if there exists I ∈ Id(A) and J ∈ Id(B) such that K = I × J .

Proof. LetK be an ideal ofA×B. Define I = {a ∈ A : (a, c) ∈ K, for some c ∈
B} and J = {d ∈ B : (b, d) ∈ K, for some b ∈ A}.
First we show that I is an ideal of A and J is an ideal of B. Since (0, 0) ∈ K,
we get 0 ∈ I. Let a, b ∈ I. So there exists c, d ∈ B such that (a, c), (b, d) ∈ K.
Thus (a ⊕ b, c ⊕ d) = (a, c) ⊕ (b, d) ∈ K and so a ⊕ b ∈ I. Now let a ≤ b and
b ∈ I. So there exists c ∈ B such that (b, c) ∈ K. Since (a, c) ≤ (b, c), then
a ∈ I and I is an ideal of A. Similarly, J is an ideal of B. It is clear that
K = I × J . The converse is clear.

Lemma 3. Let A1 and A2 be MV -algebras. Then A1 and A2 are Artinian
MV -algebras if and only if A1 ×A2 is an Artinian MV -algebra.

Proof. Let A1 and A2 be Artinian MV -algebras. Then it is clear that A1×A2

is an Artinian MV -algebra. Conversely, let I1×J1 ⊇ I2×J2 ⊇ · · · be a chain
of ideals of A1 × A2. It is clear that I1 ⊇ I2 ⊇ · · · is a chain of ideals A1 and
J1 ⊇ J2 ⊇ · · · is chain of ideals of A2. Hence there exists n,m ∈ N such that
for all i ≥ n, Ii = In and for all j ≥ m, Jj = Jm. Assume that n ≤ m. So for
all i ≥ m, Ii = Im, Ji = Jm. Therefore for all i ≥ m, Ii × Ji = Im × Jm and
so A1 ×A2 is an Artinian MV -algebra.

Corollary 1. Let A1, . . . , An be MV -algebras. Then A1, . . . An are Artinian
MV -algebras if and only if A1 × · · · ×An is an Artinian MV -algebra.
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Abstract

In this paper, the concept of a topological generalized ring is defined and
some proprties of Topological generalized group and ring are investigated.

Keywords: Topological generalized group; Topological generalized ring.

1 Introduction and preliminaries

The generalized groups, generalized rings and topological generalized group
are defined in [2, 3, 4]. In this paper the concept of topological generalizd
ring is defined and then some topological property of Topological generalized
group and topological generalized ring are discussed. the following concepts
are required in the main results.
A generalized group is a non-empty set G admitting an operation called mul-
tiplication, subject to the set of rules given below:

• (xy)z = x(yz), for all x, y, z ∈ G;

• for each x in G there exists a unique z in G such that xz = zx = x (we
denote z by e(x));

• For each x ∈ G there exists y ∈ G such that xy = yx = e(x) (we denote
y by x−1) [4].

A generalized group G is called topological generalized group, if G is a haus-
dorff topological space and the mappings m1 : G → G, g 7→ g−1 and m2 :
G×G→ G, (g, h) 7→ gh are continuous maps [4].
A generalized ring is a non-empty set K with two different operations:

(x, y) 7→ x+ y and (x, y) 7→ xy

admitting the following axioms:

1Department of Mathematics, Vali-e Asr University of Rafsanjan, z.nazari@vru.ac.ir
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175



• (K,+) is a generalized group.

• x(yz) = (xy)z, where x, y, z ∈ K.

• For all x, y, z ∈ K;

x(y + z) = xy + xz and (x+ y)z = xz + yz[3].

A topological ring is a ring R with a topology making R into an additive
topological group, such that the multliplication P : R×R→ R, (b, c) 7→ bc is
a continuous map [1].

2 Main Results

In this section, the consept of topological generalized ring is defined and some
properties of topological generalized group and ring are investigated. Through-
out this section the actin of a topological generalized group G is +, G is called
an additive topological generalized group. First, in the following we produce
an example of additive topological generalized group.

Definition 1. A set G is called an additive topological generalized group if:

(i) (G,+) is a generalized group;

(ii) G is a Hausdorff topological space;

(iii) The mappings

I : G→ G

g 7→ −g

and

A : G×G→ G

(g, h) 7→ g + h

are continuous maps.

Example 1. The set R2 with operation (a1, b1)+(a2, b2) = (a1, b2). is a topo-
logical generalized group. Since the projection maps Π1 and Π2 are continuous,
so (a1, b1) + (a2, b2) = (Π1(a1, b1),Π2(a2, b2)) = (a1, b2) is continuous.

Theorem 1. Let G be an addtive topological generalized group. If c ∈ G then
the map φ : G→ G defined by x→ c+ x is a homeomorphism.
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Proof. Let ψ : {c}×G→ G such that ψ(c, b) = b. Then ψ is clearly homeomor-
phism. Also the restriction of map A in Definition 1 to {c}×G is continuous,
and obviously bijective. Thus φ = A|{c}×G ◦ ψ−1 is a continuous bijection.
Clearly the morphism x→ −c+ x is the inverse of φ.

Remark 1. Let G be an additive topological generalized group. If U ⊆ G is
open and c ∈ G then the set U + c = {u+ c | u ∈ U} is also open. We see that
U + V of any two open set U, V is open. If U is an open neighborhood of c if
and only if U − c is an open neighborhood of ec.

Theorem 2. Let G be an additive topological generalized group, c ∈ G and
U be an open neighborhood of the identity ec and c ∈ U . Then U contains a
open neighborhood V of ec such that c+ V ⊆ U

Proof. According to Theorem 1, the map φ : G → G such that φ(x) = x − c
is a homeomorphism. So we have φ(U) = U − c is open and ec ∈ U − c. Thus
there is an open neighborhood V of ec such that V ⊆ U − c. It implies that
c+ V ⊆ U

Theorem 3. Let G be an additive topological generalized group. If U is an
open neighborhood of ec in G, then there is an open neighbohood V of ec in G
such that V + V ⊆ U .

Proof. Since the map A is continuous and (ec, ec) ∈ A−1U , there is open sets
V1, V2 with (ec, ec) ∈ V1 × V2 ⊆ A−1U . Set V = V1 ∩ V2.

Remark 2. If G is a generalized group, then the following statements are
valid:

1: If ex is the identity element of x, then eex = ex.

2: If x−1 is the inverse element of x, then ex = ex−1

3: If xy = yx, then ex = ey.

Theorem 4. Let G be an additive generalized group. Then ex = −ex.

Proof. Since −ex is the inverse element of ex, according to part 1 and 2 in
above remark we have eex = e−ex = ex. So

−ex + ex = −ex. (1)

Since −ex is the inverse element of ex, we have

−ex + ex = ex. (2)

Now according to Equations 1 and 2, it implies that ex = −ex.

177



Theorem 5. Let G be an additive topological group. the map I in Definition
1 is one to one and onto.

Proof. Suppose that I(g) = I(h), so −g = −h. According to part 2 of Remark
2, we have eg = e−g = e−h = eh. Thus

−g = −h⇒ −g + g = −h+ g ⇒ eh + g = h+ eg.

Since eg = eh, it implies that g = h. It is easily seen that I is onto.

Theorem 6. Let G be an additive topological generalized group. If U be an
open neighborhood of ec, then −U is an open neighborhood of ec.

Proof. Since the map I is continuous and bijective, there is an open neighbor-
hood U of ec such that I−1U = −U is an open neighborhood of ec.

Definition 2. A topological generalized ring is a generalized ring R with a
topology making R into an additive topological generalized group, Such that
the multiplication P : R×R→ R, (b, c) 7→ bc is a continuous map.

Example 2. Let R = R2. Then R with operations:

(a1, b1) + (a2, b2) := (a1, b2) and (a1, b1)(a2, b2) = (a1a2, b1b2)

is a topological generalized ring.

Theorem 7. Let R be topological generalized ring. If c ∈ R then the maps
lc : G→ G and rc : G→ G defined by x 7→ cx and x 7→ xc are continuous.

Proof. The map Φ : {c}×R→ R, Φ(c, x) = x is clearly homeomorphic and the
ristriction of P in Definition 2 to {c} × R is continuous. So lc(x) = P |{c}×R
◦Φ−1(x) = cx is continuous. The same argument works on the right.

Theorem 8. Let R be a topological generalized ring. If c ∈ R and U is an
open neighborhood of ec in R then there is an open neighborhood V of ec such
that cV ⊆ U and V c ⊆ U .

Proof. In Theorem 7, it is shown that lc : R→ R, x 7→ cx is continuous, there
is an open neighborhood U of ec such that lc

−1(U) is open. So there is an open
neighborhood V such that V ⊆ lc

−1(U), thus cV ⊆ U . The same argument
works on the right.
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Abstract

In this paper, we obtain the linear algebraic systems from solving
Korteweg-de Vries-Burgers equation. To linearized the non-linear term
we use the new linearization form. The solution of Korteweg-de Vries-
Burgers equation is approximated as a linear combination of Quartic
B-spline functions. In the first step we find linear algebraic systems as
AC = B. Then algebraic systems can be solved by iterative method, for
example jacobi method.

1 Introduction

In this paper, we consider the Korteweg-de Vries-Burgers (KdV-Burgers) as
follows

ut + εuux − υuxx + µuxxx = 0. (1)

With the initial condition and boundary conditions u(x, 0) = f(x), u(a, t) =
u(b, t) = ux(a, t) = ux(a, t) = 0. In Eq.(1) ε, υ and µ are positive parame-
ters. The KdVB equation is commonly used in various fields of science and
engineering. In this paper, we solve the KdVB equation numerically using a
B-spline collocation method. By using this method we find linear algebraic
systems as AC = B. Then by using iterative method we solve algebraic sys-
tems. In recent years, many different methods have been used to estimate the
solution of the KdVB equation for example, see [1,2].

2 Description of the method

The interval [a, b] is partitioned into a mesh of uniform length h = (b−a)/N , by
the knots xi where i = 0, 1, 2, . . . , N . We discretize the time derivative of the
KdVB equation using a finite-difference formula. To linearized the non-linear

1Department of Mathematics, University of Mohaghegh Ardabili, 56199-11367 Ardabil,
Iran. rparvaz@uma.ac.ir

2Department of Mathematics, University of Mohaghegh Ardabili, 56199-11367 Ardabil,
Iran. zarebnia@uma.ac.ir
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term (uux)n+1 in finite-difference formula we can use the Taylor expansions.
By using the Taylor expansions we find

(uux)n+1 = 3(uux)n − un−1ux − unun−1
x +O(k2), (2)

where k is time step and un(x) = u(x, tn). Then by using above linearized
formula and finite difference method we find

un+1 − (υk/2)un+1
xx + (µk/2)un+1

xxx = Ψn, (3)

where

Ψn = un+(υk/2)unxx−(µk/2)unxxx−(εk/2)(4(uux)n−un−1ux−unun−1
x ), (4)

To solve the KdVB equation by collocation method with quartic B-splines as
basis functions, we define the approximation for u(x, t) as
U(x, t) =

∑N+1
i=−2 ci(t)Bi(x). Using collocation approximate and Eq.(3) we

get

a1c
n+1
i+1 + a2c

n+1
i + a3c

n+1
i−1 + a4c

n+1
i−2 = Ψn(xi), i = 0, ..., N, (5)

where

a1 = 1− 6υk/h2 + 12µk/h3, a2 = 11 + 6υk/h2 − 72µk/2h3,

a3 = 11 + 6υk/h2 + 72µk/2h3, a4 = 1− 6υk/h2 − 12µk/h3.

The system (5) consists of N + 1 linear equations in N + 4 unknowns. To
obtain a unique solution, we must use the boundary conditions. By using the
boundary conditions and Eq. (5) we find linear algebraic systems as AC = B
where

A =



1 11 11 1 0 . . . 0
−4/h −12/h 12/h 4/h 0 . . . 0
a4 a3 a2 a1 0 . . . 0
...

. . .
. . .

...
0 . . . 0 a4 a3 a2 a1

0 . . . 0 1 11 11 1


,

B = (0, 0,Ψn(x0), ...,Ψn(xN ), 0)T .

To start any computation, it is necessary to know U(x, k). In this paper by
using Taylor series expansion at t = k we find U(x, k).
In order to illustrate the efficiency of the present method for our problem in
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comparison with the exact solution, we report the L∞ error. Consider the
KdVB equation with ε = 1, υ = 0.001, µ = 0.001, k = 0.05 in the interval
[-1,1], with the exact solution

u(x, t) = −
(
6ν2
)

25µ

tanh

ν
(

6ν2t
25µ + 100

)
10µ

− 1

2
sech2

ν
(

6ν2t
25µ + 100

)
10µ

+ 1


In Table 1 we give a comparison between the L∞ error found by our method
for different N .

Table 1: L∞ error.

Time N = 10 N = 50 N = 100

0.1 4.80000e-4 7.23117e-9 8.99178e-10
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Abstract

The porpuse of this paper is to introduce some new class of rings that
are closely related to the classes of sharp domains, pseudo-Dededkind
domains, TV domains and finite character domains. A ring R is called a
φ-sharp ring if whenever for nonnil ideals I, A,B of R with I ⊇ AB, then
I = A′B′ for nonnil ideals A′, B′ of R where A′ ⊇ A and B′ ⊇ B. A ring
R is called a φ-pseudo-Dedekind ring if the ν-closure of each nonnil ideal
of R is φ-invertible. We prove that a φ-Dedekind ring is a φ-sharp ring
and we get some properties that by them a φ-sharp ring is a φ-Dedekind
ring.

1 Introduction

We assume throughout that all rings are commmutative with 1 6= 0. Let R
be a ring. Then T (R) denoted the total quotient ring of R, Nil(R) denoted
the set of nilpotent elements of R and Z(R) denoted the set of zerodivisors
of R. Recall that a nonzerodivisor of a ring R is called a regular element and
an ideal of R is said to be regular if it contains a regular element. A ring R
is called a Prüfer ring, in the sense of [15], if every finitely generated regular
ideal of R is invertible, i.e., if I is finitely generated regular ideal of R and
I−1 = {x ∈ T (R) | xI ⊂ R}, then II−1 = R [1]. Let Iν = (I−1)−1. A nonzero
ideal I of R is said to be a divisorial ideal ( or ν− ideal ) if Iν = I. A nonzero
ideal I of R is called t-ideal if I = It in which

It =
⋃
{Jν | J ⊆ I is a nonzero finitely generated ideal of R}.

Recall from [14] and [6], that a prime ideal P of R is called a divided prime
ideal if P ⊂ (x) for every x ∈ R \ P ; thus a divided prime ideal is compara-
ble to every ideal of R. In [2], [3], [7], [8] and [12], the scond-named author
investigated the class of rings H = {R | R is a commutative ring with 1 6=
0 and Nil(R) is a divided prime ideal of R}. An ideal I of a ring R is said to

1Department of Mathematics and Applications, University of Mohaghegh Ardabili, P. O.
Box 179, Ardabil, Iran. Email: mahdi.rahmatinia@gmail.com
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be a nonnil ideal if I * Nil(R). Recall from [2] that for a ring R ∈ H with
total quotient ring T (R), if a ∈ R and b ∈ R\Z(R) then, φ : T (R) −→ RNil(R)

such that φ(a/b) = a/b is a ring homomorphism from T (R) into RNil(R) and
φ resticted to R is also a ring homomorphism from R into RNil(R) given by
φ(x) = x/1 for every x ∈ R. A nonnil ideal I of R is said to be a φ-invertible
if φ(I) is an invertible ideal of φ(R). If every nonnil finitely generated ideal of
R is φ-invertible, then we say that R is a φ-Prüfer ring [1]. In [1, Lemma 2.5],
it is shown that, if R ∈ H and P an ideal of R, then R/P is ring-isomorphic
to φ(R)/φ(P ). A nonnil ideal I is φ-divisorial ( or φ− ν − ideal ) if φ(I) is a
divisorial ideal ( or ν − ideal ) of φ(R) [5].
Observe that if R ∈ H, then φ(R) ∈ H, Ker(φ) ⊂ Nil(R), Nil(T (R)) =
Nil(R), Nil(RNil(R)) = φ(Nil(R)) = Nil(φ(R)) = Z(φ(R)), T (φ(R)) =
RNil(R) is quasilocal with maximal ideal Nil(φ(R)) and RNil(R)/Nil(φ(R)) =
T (φ(R))/Nil(φ(R)) is the quatient field of φ(R)/Nil(φ(R)). Therefore we
have x ∈ R \Nil(R) if and only if φ(x) ∈ φ(R)\Z(φ(R)). Let R ∈ H. Then I
is a finitely generated nonnil ideal of R if and only if φ(I) is a finitely generated
regular ideal of φ(R) [1, Lemma 2.1]. Let R ∈ H with Nil(R) = Z(R) and let
I be an ideal of R. Then I is an invertible ideal of R if and only if I/Nil(R)
is an invertible ideal of R/Nil(R) [1, Lemma 2.3]. Let R ∈ H and let I be
an ideal od R. Then I is a finitely genetrated nonnil ideal of R if and only if
I/Nil(R) is a finitely generated nonzero ideal of R/Nil(R) [1, Lemma 2.4].
A ring R is called a sharp ring if whenever for regular ideals I, A,B of R with
I ⊇ AB, then I = A′B′ for regular ideals A′, B′ of R where A′ ⊇ A and B′ ⊇ B
[10]. In this paper, we define a φ-sharp ring and obtain some properties of
this class of rings.

2 φ-sharp rings

Definition 1. A ring R is called a φ-sharp ring if whenever for nonnil ideals
I, A,B of R with I ⊇ AB, then I = A′B′ for nonnil ideals A′, B′ of R where
A′ ⊇ A and B′ ⊇ B.

Theorem 1. Let R ∈ H. Then R is a φ-sharp ring if and only if R/Nil(R)
is a sharp domain.

Theorem 2. Let R ∈ H. Then R is a φ-sharp ring if and only if φ(R) is a
sharp ring.

Corollary 1. Let R ∈ H. The following are equivalent:
(1) R is a φ-sharp ring;
(2) φ(R) is a sharp ring;
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(3) R/Nil(R) is a sharp domain;
(4) φ(R)/Nil(φ(R)) is a sharp domain.

Corollary 2. Let R ∈ H. If R is a φ-Dedekind ring, then R is a φ-sharp
ring.

Definition 2. A ring R is called a φ-pseudo-Dedekind ring if the ν-closure of
each nonnil ideal of R is φ-invertible.

Corollary 3. Let R ∈ H. The following are equivalent:
(1) R is a φ-pseudo-Dedekind ring;
(2) φ(R) is a pseudo-Dedekind ring;
(3) R/Nil(R) is a pseudo-Dedekind domain;
(4) φ(R)/Nil(φ(R)) is a pseudo-Dedekind domain.

Corollary 4. Let R ∈ H. If R is a φ-sharp ring, then R is a φ-pseudo-
Dedekind ring.

Theorem 3. Let R ∈ H and let R is a φ-chained ring. Then R is a φ-sharp
ring if and only if R is a φ-pseudo-Dedekind ring.

Definition 3. An ideal I of R is called φ-t-ideal if φ(I) is a t-ideal of φ(R).

Lemma 1. Let R ∈ H and I an ideal of R. Then I is a φ-t-ideal if and only
if I/Nil(R) is a t-ideal of R/Nil(R).

Definition 4. A ring R is called a φ-TV ring in which every φ-t-ideal is a
φ-ν-ideal.

Corollary 5. Let R ∈ H. The following are equivalent:
(1) R is a φ-TV ring;
(2) φ(R) is a TV ring;
(3) R/Nil(R) is a TV domain;
(4) φ(R)/Nil(φ(R)) is a TV domain.

Theorem 4. Let R ∈ H. If R is a φ-sharp TV -ring, then R is a φ-Dedekind
ring.
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Abstract

We (Commun Algebra 2009; 37: 1995-2007) introduced the weak
version of Condition (PWP ) for S-posets, called Condition (PWP )w. In
this paper we consider direct products of S-posets satisfying Condition
(PWP )w.

Keywords: Condition (PWP )w, S-poset, direct product.
Mathematics Subject Classification (2010): 20M30.

1 Introduction

A partially ordered monoid, or briefly pomonoid, is a monoid S together with
a partial order 6 on S such that s 6 s′ implies su 6 s′u and us 6 us′ for
all s, s′, u ∈ S. A right S-poset, usually denoted AS , is a nonempty set A
equipped with a partial order 6 and a right action A × S → A, (a, s) 7→ as,
which satisfies the conditions: (1) the action is monotonic in each variable,
(2) a(st) = (as)t and a1 = a for all a ∈ A and s, t ∈ S. Left S-posets

SB are defined analogously, and ΘS = {θ} is the one-element right S-poset.
Preliminary work on flatness properties of S-posets was done by Fakhruddin
in the 1980s (see [2]), and continued in recent papers (e.g., [1, 3, 4]). In [3],
Conditions (WP ), (WP )w, (PWP ), and (PWP )w were introduced. An S-
poset AS is said to satisfy Condition (WP) if the corresponding φ is surjective
for every subpullback diagram P (I, I, f, f, S), where I is a left ideal of S.
An S-poset AS is said to satisfy Condition (WP )w if, for all a, a′ ∈ AS ,
s, t ∈ S, and all homomorphisms f : S(Ss ∪ St) → SS, af(s) ≤ a′f(t) implies
a ⊗ s ≤ a′′ ⊗ us′ and a′′ ⊗ vt′ ≤ a′ ⊗ t in A ⊗S (Ss ∪ St) for some a′′ ∈ AS ,
u, v ∈ S and s′, t′ ∈ {s, t} with f(us′) 6 f(vt′). An S-poset AS is said to satisfy
Condition (PWP ) if the corresponding φ is surjective for every subpullback
diagram P (Ss, Ss, f, f, S), s ∈ S. An S-poset AS is said to satisfy Condition
(PWP )w if, for all a, a′ ∈ AS and s ∈ S, as 6 a′s implies a 6 a′′u and a′′v 6 a′

for some a′′ ∈ AS , u, v ∈ S with us 6 vs.

1University of Sistan and Baluchestan, p−rezaei@math.usb.ac.ir
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In [4], Khosravi first studied direct products of S-posets satisfying some flat-
ness properties. In this paper we investigate pomonoids S over which S-posets
satisfying Condition (PWP )w are preserved under direct products.

2 Main Results

We are going to discuss direct products of any arbitrary nonempty family of
S−posets satisfying Condition (PWP )w. If S is a pomonoid, the Cartesian
product SI is a right and left S-poset equipped with the order and the action
componentwise where I is a nonempty set. Moreover, (si)i∈I is denoted simply
by (si), and the right S-poset S × S is called the diagonal right S-poset of
S, usually denoted D(S). (For more information the reader is referred to
[4]). According to [4], the set L(s, s) := {(u, v) ∈ D(S) | us ≤ vs} is a left

S-subposet of D(S). Moreover, for each (p, q) ∈ D(S), the set Ŝ(p, q) :=
{(u, v) ∈ D(S) | u ≤ wp and wq ≤ v for some w ∈ S} is a left S-poset.

Clearly, Ŝ(p, q) contains the cyclic S-poset S(p, q).

Theorem 1. Let S be a pomonoid. Then the following statements are equiv-
alent:

(1) Any finite product of right S-posets satisfying Condition (PWP )w satisfies
Condition (PWP )w;

(2) The diagonal right S-poset D(S) satisfies Condition (PWP )w;

(3) For every s ∈ S, the set L(s, s) is either empty or for each 2 elements
(u, v), (u′, v′) ∈ L(s, s), there exists (p, q) ∈ L(s, s) such that (u, v), (u′, v′) ∈
Ŝ(p, q).

Proof. (1) ⇒ (2) It is obvious. (2) ⇒ (3). Suppose that D(S) satisfies
Condition (PWP )w. Let (u, v), (u′, v′) ∈ L(s, s) for any s ∈ S. From the
inequalities us ≤ vs and u′s ≤ v′s we obtain (u, u′)s ≤ (v, v′)s. Since
D(S) satisfies Condition (PWP )w, there exist (w,w′) ∈ D(S) and p, q ∈ S
such that (u, u′) ≤ (w,w′)p, (w,w′)q ≤ (v, v′), and ps ≤ qs. Thus, we
have (p, q) ∈ L(s, s) and we are done. (3) ⇒ (1). Suppose that A1, ..., An
are right S-posets satisfying Condition (PWP )w. Suppose ai, a

′
i ∈ Ai for

each 1 ≤ i ≤ n, and let s ∈ S be such that (a1, ..., an)s ≤ (a′1, ..., a
′
n)s

in A =
∏n
i=1Ai. For every Ai, applying Condition (PWP )w to the in-

equalities ais ≤ a′is(1 ≤ i ≤ n), we get a′′i ∈ Ai and pi, qi ∈ S such that
ai ≤ a′′i pi, a

′′
i qi ≤ a′i and pis ≤ qis. Then (pi, qi) ∈ L(s, s) for each i, and

so by assumption, there exists (p, q) ∈ L(s, s) such that (pi, qi) ∈ L(p, q) for
each i. Thus, pi ≤ wip and wiq ≤ qi for some wi ∈ S(1 ≤ i ≤ n). Thus, we
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calculate that (a1, ..., an) ≤ (a′′1w1, ..., a
′′
nwn)p, (a′′1w1, ..., a

′′
nwn)q ≤ (a′1, ..., a

′
n),

and ps ≤ qs, proving that A =
∏n
i=1Ai satisfies Condition (PWP )w.

For a right po-cancellable pomonoid, Proposition 2.1 yields the following.

Corollary 1. If the pomonoid S is right po-cancellative, then the diagonal
right S-poset D(S) satisfies Condition (PWP )w.

As an extension of Proposition 2.1, the following result is obtained.

Theorem 2. Let S be a pomonoid. Then the following statements are equiv-
alent:
(1) The direct product of every nonempty family of right S-posets satisfying
Condition (PWP )w satisfies Condition (PWP )w;
(2) (SI)S satisfies Condition (PWP )w for every nonempty set I;
(3) For every s ∈ S, the set L(s, s) is either empty or there exists (p, q) ∈
L(s, s) such that L(s, s) = Ŝ(p, q).

Note that the fact that not every pomonoid S has a diagonal S-poset D(S)
satisfying Condition (PWP )w is shown by the following example.

Example 1. Let S = {0, x, 1 | x2 = 0} be a monoid with the nontrivial order
relation 0 < x < 1. Then S is a pomonoid, and the diagonal S-poset D(S)
does not satisfy Condition (PWP )w.
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An infinite family of finite 2-groups with zero
deficiency

Hossein Abdolzadeh1 Reza Sabzchi2

Let G = 〈X〉 be a finite presentation of the group G. The value |X|−|R| is said
to be the deficiency of the given presentation. The deficiency of G, denoted
by def(G), is defined to be the minimum of the deficiences of all the finite
presentations of G. Clearly if G is finite, then def(G) ≥ 0. It is a classical
fact that the groups with a deficiency zero presentation will have the trivial
Schur Multiplicators. However, looking for a deficiency zero presentation of a
group which has trivial Schur Multiplicator, is a long-standing question and
many attempts have been made during the years on finite p-groups and even
in infinite groups. In this paper the infinite family

G(r, s) = 〈x, y|x2 = y2, y2r = (x−1y)2s〉

of finite non-abelian 2-groups with zero deficiency will be introduced. It is
shown that G(r, s) has order 2r+s+1 and nilpotency class s+ 1.

we use |G : H| for the index of a subgroup H in a group G, [x, y] is used
for the commutator x−1y−1xy. Also G′, Z(G) and γi is used for the derived
subgroup of G, the centre of G and the i-th term of the lower central series
of G respectively. We will use the Modified Todd-Coxeter coset enumeration
algorithm in the form as given in [1] to get a presentation for subgroups. For
r ≥ 2 and s ≥ 1 we define

G(r, s) = 〈x, y|x2 = y2, y2r = (x−1y)2s〉

and we will prove the following theorem:

Theorem A. With the above notations, G = G(r, s) is of order 2r+s+1 and
nilpotency class s+ 1.

1Department of Mathematics and Applications, Faculty of Mathematical Sciences, Uni-
versity of Mohaghegh Ardabili, P. O. Box 56199-11367 Ardabil, Iran. narmin.hsn@gmail.com

2Department of Mathematics and Applications, Faculty of Mathematical Sciences, Uni-
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Proof. Set G := G(r, s) and consider the subgroup H = 〈a = y2, b = (y−1x)2〉
of G. We use the modified Todd-Coxeter coset enumeration to find a presen-
tation for H. Defining 1.y = 2 completes the table of generator a = y2 and
we have 2.y = a.1. By defining 1.x = 3 we obtain 3.x = a.1. Now defining
2.x = 4 completes all tables and we have |G : H| = 4. We get the following
presentation for H

H ∼= 〈a, b| a2r−1
= b2

s−1
, b2

s
= 1, [a, b] = 1〉.

As H is abelian, H ∼= Z2r′−1 × Z2s′ , where r′ = min{r, s}, s′ = max{r, s} and
hence |G| = 2r+s+1.
Set K = 〈[x, y]〉. Clearly K ≤ G′. By first relation in G we have x2 ∈ Z(G)
and therefore y[x, y]y−1 = x[x, y]x−1=[y, x]. Hence K is a normal subgroup
of G. Now

G/K ∼= 〈x, y|x2 = y2, y2r = (x−1y)2s , [x, y] = 1〉 ∼= G/G′

that is G′ = K. Also it is easy to see that |G/G′| = 2r+1 and so |G′| = 2s.
Again by simple calculations [x, [x, y]] = [y, [x, y]] = [y, x]2, thus γ3 = 〈[x, y]2〉.
Now it is easy to see that by induction γi = 〈[x, y]2

i−2〉 for i ≥ 3, thus γs+1 =
〈[x, y]2

s−1〉 6= 1 while γs+2 = 〈[x, y]2
s〉 = 1, therefore the nilpotency class of G

is s+ 1 and G is of coclass r.
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Torsion theory on Grothendieck categories

Reza Sazeedeh1

The classification of subcategories of an abelian category is an important area
widely studied by numerous authors in the recent years (see [G, H, T, Th]).
The study of this subject originally goes backs to a result given by Gabriel
[G] classifying localizing and Serre subcategories of R-Mod in terms of spe-
cialization closed subsets of SpecR, the prime spectrum of R, when R is a
commutative noetherian ring.

In 1997, Herzog [He] and Krause [Kr] gave a classification of localizing sub-
categories of finite type for locally coherent Grothendieck categories in terms
of indecomposable injectives.

Recently for an abelian category A , Kanda [K1] defined and studied the
atom spectrum ASpecA of A, the class of atoms in A which is a closer notion
to the prime spectrum of a commutative ring. As Kanda [K1,K2] has shown,
this notion is easier to use, but the study of indecomposable injectives has
longer history.

Let A be a locally noetherian Grothendieck category. We construct closure
operators on the lattice of subcategories of A and the lattice of subsets of
ASpecA in terms of associated atoms. This establishes easily a one-to-one
correspondence between hereditary torsion theories of A and closed subsets
of ASpecA. If A is locally stable, then the hereditary torsion theories can
be studied locally. As a conclusion in this case, we show that the topological
space ASpecA is Alexandroff.
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A characterization of Cohen-Macaulay modules

Monireh Sedghi1

For an ideal I of a commutative Noetherian ring R, let Ia denote the integral
closure of I in R, i.e., Ia is the ideal of R consisting of all elements x ∈ R which
satisfy an equation xn + r1x

n−1 + · · · + rn = 0, where ri ∈ Ii, i = 1, . . . , n.
In [6], L.J. Ratliff, Jr., introduced the interesting set of associated primes
Â∗(I) := AssRR/(I

n)a for large n, and he showed that this finite set has some
nice properties in the theory of asymptotic prime divisors.

On the other hand let N denote a non-zero finitely generated R-module. In
[7], R.Y. Sharp et al. introduced the concept of integral closure of I relative
to N , and they showed that this concept has properties which reflect some
of those of the usual concept of integral closure introduced by Northcott and
Rees in [5]. In this paper, we shall denote the integral closure of I with respect

to N by I
(N)
a .

In [4], it has been shown that the sequence AssRR/(I
n)

(N)
a of associated

prime ideals, is ultimately constant: we denote its ultimate constant value
by A∗a(I,N), called the asymptotic primes of I with respect to N . In the
case N = R, A∗a(I,N) is the asymptotic primes Â∗(I) of I introduced by L.J.
Ratliff, Jr., [6].

M. Brodmann [1] showed that the sequence of sets AssRN/I
nN is ultimately

constant for large n. We shall use A∗(I,N) to denote the ultimately constant
value of the sequence AssRN/I

nN , called the presistent primes of I with re-
spect to N .

In this talk we give a characterization of Cohen-Macaulay modules in term
of A∗a(I,N). More precisely, we shall prove the following theorem which is a
generalization of the main result of Ratliff [6].

Theorem 1.1. A non-zero finitely generated locally-unmixed module N over
a commutative Noetherian ring R is Cohen-Macaulay if and only if, for any
N -proper ideal I of R generated by heightN I elements, A∗a(I,N)=A∗(I,N).

1Department of Mathematics, Azarbaijan Shahid Madani University, Tabriz, Iran,
m sedghi@tabrizu.ac.ir
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We denote by R(I,R) the graded Rees ring R[u, It] := ⊕n∈ZIntn of R with
respect to I, where t is an indeterminate and u = t−1. Also, the graded Rees
module N [u, It] := ⊕n∈ZInN over R(I,R) is denoted by N (I,N), which is
a finitely generated graded R(I,R)-module. The analytic spread of I with
respect to N , over a local ring (R,m), is defined to be

l(I,N) := dim N (I,N)/(m, u)N (I,N)

(see [2]). One of our tools for proving Theorem 1.1 is the following, which is
a characterization of A∗a(I,N).

Proposition 1.2. Let N be a non-zero finitely generated module over a com-
mutative Noetherian ring R and I a N -proper ideal of R. Let p ∈ Supp(N) ∩
V (I) be such that Np is a quasi-unmixed module. Then p ∈ A∗a(I,N) if and
only if heightN p = l(IRp, Np).

Pursuing this point of view further we show that the support of (d − 1) th
local cohomology module Hd−1

I (N) (where d = dim N) is always finite. In
fact, we derive the following consequence of Proposition 1.2, which will be
strengthened and generalized corresponding a result of T. Marley in [3].

Corollary 1.3. Let (R,m) be local and assume that dim N = d. Then

Supp Hd−1
I (N) ⊆ A∗a(I,N) ∪ {m}.
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Integer-valued polynomials over full matrix rings

J. Sedighi Hafshejani1

A. R. Naghipour2

Abstract

In this paper, we study the ring of integer-valued polynomials over
some matrix rings. We introduce Int(S,Mn(D)) = {f ∈Mn(K)[x]|f(S) ⊆
Mn(D)}, where D is an integral domain with the field of fractions K and
S is an ideal of Mn(D). We prove that Int(S,Mn(D)) is a ring. We also
show that Int(S,Mn(Z)) is not Noetherian where S is an ideal of Mn(Z).

1 Introduction

Throughout the paper, D denotes a commutative integral domain and K is
the field of fractions of D. Also, the term ideal refers to a two-sided ideal.
Let R be a ring. We notice that R[x] is the polynomial ring in one variable x
over R, where x commutes with the elements of R. For a polynomial

f(x) :=
n∑
i=0

aix
i ∈ R[x],

and an element r ∈ R, we denote the evaluation of f at r by f(r) and we
define

f(r) :=

n∑
i=0

air
i.

Note that although
∑n

i=0 aix
i =

∑n
i=0 x

iai in the polynomial ring R[x], the
two elements

∑n
i=0 air

i and
∑n

i=0 r
iai of R may be different.

The ring of integer-valued polynomials over D is defined by

Int(D) := {f ∈ K[x] | f(D) ⊆ D}.

More generally, if S is a non-empty subset of D then the integer-valued poly-
nomials ring over S respect to D is defined by

Int(S,D) := {f ∈ K[x] | f(S) ⊆ D}.
1sedighihafshejani@gmail.com
2naghipour@sci.sku.ac.ir
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The ring Int(S,D) is a commutative ring using ordinary addition and multi-
plication. For more information about the ring Int(S,D), see [1].
If f(x), g(x) ∈ R[x], then (fg)(x) denotes the product of f(x) and g(x) in
R[x]. If R is noncommutative and α ∈ R, then (fg)(α) needs not equal to
f(α)g(α). In this case, if f(x) =

∑
i aix

i, then we may express

(fg)(x) :=
∑
i

aig(x)xi. (∗)

Recently, the ring Int(R) is considered in some cases for noncommutative rings
(see for example [2, 3, 4, 5, 6, 7]).
Given any ring R, we let Mn(R) denotes the ring of n×n matrices with entries
from R.
Let D be an integral domain with the field of fractions K, we define

Int(Mn(D)) : = {f ∈Mn(K)[x] | f(Mn(D)) ⊆Mn(D)}.

The set Int(Mn(D)) with ordinary addition and multiplication (∗) is a non-
commutative ring [7, Corollary 1.3].
Let U = {U1, . . . , Un2} be a set of invertible matrices that forms a basis for
Mn(D) as aD− algebra. Let< U > be the multiplicative subgroup ofMn(D)×

generated by U . For any A ∈Mn(D), we define

U(A) := {UAU−1 | U ∈< U >}.

In this paper, we introduce Int(S,Mn(D)) = {f ∈Mn(K)[x] | f(S) ⊆Mn(D)}
where S is an ideal of Mn(D). Then we prove that Int(S,Mn(D)) is a ring.
Also, we show that Int(S,Mn(Z)) is not Noetherian where S is an ideal of
Mn(Z).

2 Main results

In this section, we generalize the integer-valued polynomials ring Int(Mn(D)).
Let D be a domain and S be a non-empty subset of D, then Int(S,D) is a ring.
But the similar statement is not valid for Mn(D), that is; if S is a non-empty
subset of Mn(D) then Int(S,Mn(D)) := {f ∈ Mn(K)[x] | f(S) ⊆ Mn(D)} is
not necessary a ring. In this section we show that, if S is an ideal of Mn(D)
then Int(S,Mn(D)) is a ring.
The following example illustrates that, if S is a non-empty subset of Mn(D)
then Int(S,Mn(D)) is not necessary a ring. We note that if S = Mn(D), then
Int(S,Mn(D)) = Int(Mn(D)).
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Example 1. Let S =

{[
0 1
0 1

]}
. Then S is a subset of M2(Z) and f(x) :=[

1
2

1
2

0 0

]
x ∈ Int(S,Mn(Z)). But, by (∗) we have

f2(x) =

[
1
2

1
2

0 0

]([
1
2

1
2

0 0

]
x

)
x =

[
1
4

1
4

0 0

]
x2.

Then f2

([
0 1
0 1

])
=

[
0 1

2
0 0

]
6∈M2(Z). This implies that f2 6∈ Int(S,M2(Z))

and we conclude that Int(S,M2(Z)) is not close under multiplication. There-
fore Int(S,M2(Z)) is not a ring.

Now, by attention to the proof of [7, Theorem 1.2], we prove the following
theorem about integer-valued polynomials Int(S,Mn(D)).

Theorem 1. Let S be an ideal of Mn(D). Then Int(S,Mn(D)) is a ring.

One can see, the most properties of Int(Mn(D)) in [7] hold for Int(S,Mn(D))
where S is an ideal of Mn(D). For instance, we shall show that if S is an
ideal of Mn(Z) then Int(S,Mn(Z)) is not Noetherian. First of all, we state the
following lemma.

Lemma 1. Let S be an ideal of Mn(Z). Then for every m ∈ N, the set

Im = {Brxr +Br−1x
r−1 + · · ·+Bnx

n ∈ Int(S,Mn(Z)) | mBn ∈Mn(Z)},

is an ideal of Int(S,Mn(Z)).

By [7, Lemma 3.9], for every prime number p, we have

gp(x) :=
(xp

n − x)(xp
n−1 − x) · · · (xp − x)

p
,

is an element of Int(Mn(Z)). Since Int(Mn(Z)) ⊆ Int(S,Mn(Z)) where S is an
ideal of Mn(Z), then for every prime number p, gp(x) ∈ Int(S,Mn(Z)). Now,
we are ready to show that the ring Int(S,Mn(Z)) is not Noetherian where S
is an ideal of Mn(Z).

Theorem 2. Let S be an ideal of Mn(Z). Then the ring Int(S,Mn(Z)) is not
Noetherian.
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The 2-plectic structures induced by the Lie
bialgebras

Mohammad Shafiee1

Abstract

In this paper we show that if the Lie algebra g admits a Lie bialgebra
structure and D is a Lie group with Lie algebra d, the double of g, then
D or its quotient by a suitable Lie subgroup admits a 2-plectic structure.
In particular it is shown that the imaginary part of the Killing form on
sl(n,C) (as a real Lie algebra) induces a 2-plectic structure on SL(n,C).

1 Introduction

A 2-plectic structure on a smooth manifold M is a closed 3-form ω which is
nondegenerate, i.e, if ιXω = 0, X ∈ TM , then X = 0. A smooth manifold
which is endowed with a 2-plectic structure is called a 2-plectic manifold.
These structures arise in geometric formulation of 2-dimensional classical field
theory ([2, 4]). Also classical strings may be described using 2-plectic manifolds
([1, 3]). The second exterior power of the cotangent bundle of a smooth
manifold and the compact semisimple Lie group are two important examples
of 2-plectic manifolds. The 2-plectic structure on a semisimple Lie group G is
induced by the Killing form on its Lie algebra g. Using this idea and starting
from an invariant symmetric and nondegenerate bilinear form on a Lie algebra,
one can construct a 2-plectic structure on a Lie group G or its homogenous
spaces. Such a bilinear form exists on the double of g, whenever g is a Lie
bialgebra. So in this paper we construct 2-plectic structures on doubles of
Poisson Lie groups or some of their quotients.

2 Preliminaries

2.1 Invariant bilinear forms on Lie algebras

Let G be a connected Lie group with Lie algebra g. Any g ∈ G induces an
inner automorphism h 7→ ghg−1 of G. The tangent map of this automorphism

1Department of Mathematics, Vali-e-Asr University of Rafsanjan, Rafsanjan, Iran,
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at identity is a linear operator on g which is denoted by Adg. A bilinear form
〈, 〉 on the Lie algebra g is called invariant if

〈[X,Y ], Z〉 = 〈X, [Y,Z]〉, ∀X,Y, Z ∈ g.

It is equivalent to the properties

〈AdgX,AdgY 〉 = 〈X,Y 〉, ∀g ∈ G, ∀X,Y ∈ g.

2.2 Lie bialgebra

Any Lie algebra g acts on itself by the adjoint representation X 7→ adX ∈ gl(g),
where adX is defined by adXY = [X,Y ]. Furthermore g acts on g⊗ g, which
is also called the adjoint action, as follows

X.(Y ⊗ Z) = [X,Y ]⊗ Z + Y ⊗ [X,Z], X, Y, Z ∈ g.

Let α is a p-form on g with values in g⊗g. The coboundary δα is a p+1-form
on g with values in g⊗ g is defined by

δα(X0, ..., Xp) =

p∑
i=0

(−1)iXi.α(X1, ..., X̂i, ..., Xp)

+
∑
i<j

(−1)i+jα([Xi, Xj ], ..., X̂i, ..., X̂j , ..., Xp),

where X0, ..., Xp ∈ g and X̂i indicates that Xi is omitted. A p-form α on g
with values in g⊗ g is called a p-cocycle if δα = 0.

Definition 1. A Lie bialgebra structure on the Lie algebra g is a linear map
ν : g→ g⊗ g such that
1. ν∗ : g∗ ⊗ g∗ → g∗ defines a Lie bracket on g∗,
2. ν is a 1-cocycle on g with values in g⊗ g.
Two Lie bialgebras (g1, ν1) and (g2, ν2) are called isomorphic if there is a Lie
isomorphism ψ : g1 → g2 such that (ψ ⊗ ψ) ◦ ν1 = ν2 ◦ ψ.

The Lie bracket {, } on g∗ induced by ν is defined as follows

{α, β} = ν∗(α⊗ β), α, β ∈ g∗.

The following theorem is very useful to find examples of Lie bialgebras.
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Theorem 1. Let Λ ∈ g∧ g such that its Schouten bracket with itself, [Λ,Λ] ∈
g ∧ g ∧ g, is adjoint invariant. Then the Lie bracket {, } on g∗ defined by

{α, β} = ad∗ιαΛβ − ad∗ιβΛα

defines a Lie bialgebra structure on g, where ιαΛ is the contraction of Λ by α.

Theorem 2. Suppose g is a Lie bialgebra. There exists a unique Lie algebra
structure on the vector space g⊕g∗ such that g and g∗ are Lie subalgebras and
the natural bilinear form on g⊕ g∗ is invariant.

Sketch of Proof. The Lie bracket on g⊕ g∗ is defined as follows

[X + α, Y + β]d = [X,Y ] + {α, β}+ ad∗βX − ad∗Xβ − ad∗αY + ad∗Y α,

where adα : g∗ → g∗ is the adjoint operator. Also the natural bilinear form on
g⊕ g∗ is defined by

〈X + α, Y + β〉 = α(Y ) + β(X).

Definition 2. If g is a Lie bialgebra, then the Lie algebra (g ⊕ g∗, [., .]d) is
called the double of g and it is denoted by d.

Lie bialgebras are the infinitesimal version of Poisson Lie groups. A Lie group
G is called a Poisson group if there is a Poisson bracket on C∞(G) in such a
way that the multiplication map ϕ : G×G→ G is a Poisson map. Note that
if G has a Poisson bracket, then G×G admits a Poisson bracket in the natural
way. A smooth map F : M → N between two Poisson manifolds is called a
Poisson map if it preserves the Poisson brackets, i.e,

{f1, f2}N ◦ F = {f1 ◦ F, f2 ◦ F}M ,

for all f1, f2 ∈ C∞(N). If G is a poisson group, then its Lie algebra g admits
a natural Lie bialgebra structure. In this case a Lie group D with Lie algebra
d is called a double of G. Conversely, if G is connected and simply connected,
then every Lie bialgebra structure on g arises from a unique Poisson structure
on G ([?]).

3 The 2-plectic structures induced by the Lie bial-
gebras

Suppose g is a Lie algebra and 〈, 〉 is a symmetric invariant bilinear form on
g. This bilinear form defines a 3-form ω on g as follows:

ω(X,Y, Z) = 〈[X,Y, ], Z〉. (1)
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Lemma 1. 1) If g is semisimple and G is a Lie group with Lie algebra g, then
G admits a 2-plectic structure,
2) If H is a closed Lie subgroup of G such that its Lie algebra h is equal to
Kerω, then G

H (left cosets of H in G) admits a 2-plectic structure.

Theorem 3. Suppose G is a Poisson Lie group with Lie bialgebra g and D is
a double of G.
1) If g is semisimple, then D is a 2-plectic Lie group,
2) If g is not semisimple and H is a closed Lie subgroup of D such that its Lie
algebra is equal to Kerω, then D

H is a 2-plectic manifold.

Lemma 2. If (g1, ν1) and (g2, ν2) are isomorphic Lie bialgebras, then d1 and
d2 are also isomorphic Lie algebras.

Proposition 1. Let g1 and g2 be two semisimple isomorphic Lie bialgebras.
If D1 and D2 are Lie groups with Lie algebra d1 and d2, respectively, then they
are local 2-plectomorphic. In particular if D1 and D2 are connected and simply
connected, then they are 2-plectomorphic.

Recall that if (V, ω) is a 2-plectic vector space, the subspace W is called 2-
Lagrangian provided W = W⊥,2, where

W⊥,2 = {v ∈ V : ω(v, w1, w2) = 0, ∀w1, w2 ∈W}.

If (M,ω) is a 2-plectic manifold, then the submanifold Q of M is called 2-
Lagrangian if TqQ is a 2-Lagrangian subspace of TqM for all q ∈ Q.

Proposition 2. In Theorem 3.3 if g is semisimple, then G is a 2-Lagrangian
submanifold of D.

Recall that if (M,ω) is a 2-plectic manifold, then a vector fieldX onM is called
Hamiltonian if there is a 1-form α on M , which is also called Hamiltonian,
such that ιXω = −dα. Let Xα = X denote the Hamiltonian vector field
related to the Hamiltonian 1-form α. For two Hamiltonian 1-forms α and β
their bracket is defined by {α, β} = ιXαιXβω (see [1]).

Theorem 4. Let (G,ω) be a 2-plectic Lie group such that ω is induced by a
nondegenerate invariant symmetric bilinear form 〈, 〉 on g. Then ω induces a
Lie bialgebra structure on g.

Corollary 1. The universal covering of every compact semisimple Lie group
is a Poisson Lie group.
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Suppose G is a Poisson Lie group, h ∈ C∞(G) is a non constant Hamiltonian
and Xh is the Hamiltonian vector field associated with h. If (D, ω) is a 2-
plectic manifold constructed as in Theorem 3.3, then h induces two vector
fields X1

h and X2
h on D, where X1

h is the left invariant vector field induced
by Xh(e) and X2

h is the left invariant vector field induced by dh(e) (e is the
identity element of G). These vector fields are Hamiltonian on D. Indeed
the left invariant 1-forms α1

h and α2
h are their associated Hamiltonian 1-forms

respectively, where

α1
h(Y ) = 〈X1

h, Y 〉, α2
h(Y ) = 〈X2

h, Y 〉, Y ∈ TD.
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Algorithm minimum indirect flights between the
airport with Cayley graph associated partial

hypergroupoid

Khadijeh Shamsi Parashkooh1

1 Introduction

The hypergroup was introduced by F. Marty in 1934, during the 8th congress
of the Scandinavian Mathematicians [2].
A partial hypergroupoid is a pair (H, ?), where H is a non-empty set, and ?
is a hyperoperation i.e.

? : H ×H −→ P (H), (x, y) 7−→ x ? y.

If x ? y 6= φ , for all x, y ∈ H, then (H, ?) is called a hypergroupoid(non-
partial hypergroupoid), and it is called adegenerative (respectively, total) hy-
pergroupoid in the case that for all x, y ∈ H, x ? y = φ [4].
The definition of Cayley graph was introduced by Arthur Cayley in 1878 to
explain the concept of abstract groups which are described by a set of gener-
ators. In the last 50 years, the theory of Cayley graphs has been grown into a
substantial branch in algebraic graphtheory[1].
Let (H, ◦) be a partial hypergroupoid, letA be its subset. The graph CayH(H,A)
is a directed graph whose vertices are elements of H and in which there is a
directed edge from a vertex u into a vertex v if and only if v ∈ u ◦ a, where
a ∈ A. if A = {a} is a one-element set, then instead of CayH(H,A) we shall
write simply CayH(H, a).
Let G = (V,R) be a graph. the adjacent vertices hyperoperation
?G : V × V −→ P (V ) is defined for every u, v ∈ V by:

u ?G v = {w ∈ V |w is adjacent vertices u and v}.

The so obtained (partial) hyperstructure (V, ?G) is called the (partial) path
hypergroupoid associated with G. In the case that it holds u ?G v 6= φ, for all
u, v ∈ V then ?G is a non-partial hyperoperation and the corresponding path
hypergroupoid is called nonpartial.

1Kh−shamsi60@yahoo.com
Tidewater University of applied sciences of Bandar Anzali
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Let CayH(V,A) be graph associated partial hypergroupoid (V, ?G) and subset
A of V .

Theorem 1. Let G = (V,E) be a graph. if there is a path from u to v in
CayH(V, a), then there is a path from u to v in G.

Theorem 2. Let G = (V,E) be a graph. For CayH(V, a), we have the follow-
ing properties:

(a) If outdegree u is non-zero, then there is a path from a to u that dim(u, a) =
2 in G.

(b) If outdegre vertex is non-zero, then it is an adjacent vertex a.

Let graph G be aerial map Between airports. then we have:

We have the theorems about outdegree and indegree vertices:

Theorem 3. Let (V, ?G) be air line partial hypergroupoid and a be an airline.
For a graph CayH(H, a) we have the following properties , for x, y ∈ V :

(a) If (x, y) ∈ E(CayP (H, a), then the airport y have flight to airport x and
members of set a.

(b) Outdegree of vertex x is equal to The number of flights from airport x to
the airports is that have direct flights to airport a.

(c) If outdegree of a vertex x is zero, then there aren’t any airport that has
the flight to airport a and also to airport x.

(d) If outdegree of a vertex x is non-zero, the minimum number of changeing
lines between airport a to airport x is equal 1.

(e) Outdegree of vertex x is equal to the maximum number of flight that one
changeing lines from x to a.

Theorem 4. Let (V, ?G) be air line partial hypergroupoid and sub a be an
airline. For a graph CayH(H, a) we have the following properties , for x, y ∈
V :

(f) Indegree of vertex x is equal to number friends.

(g) If indegree of a vertex x is non-zerom, then x is number flight from x .

(h) If indegree of a vertex x is non-zerom, then x have a direct flight a.
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2 Algorithm

Similar algorithms 2 in [3], according to 3 and 4,algorithm ?? can be written By
Cayley graph that determine the minimum number of changeing lines between
airport a to airport b:

Algorithm 1. setp 1 Set H to all airport.

setp 2 Set A = {a} .

setp 3 i = 1

setp 4 Draw set CayP (H,A).

setp 5 Set I to all vertices that indegree non-zero. Set O to all vertices that
outdegree non-zero.

setp 6 If b ∈ I, then s = i and go to step 10

setp 7 If x ∈ O, then s = i+ 1 and go to step 10

setp 8 B = A ∪ I

setp 9 If A 6= B, then A = B and i = i+ 1 and go to step 4, else s = −1

setp 10 If s=-1, then there is not flight from x to a, else there are s changeing
lines between airport a to airport b.
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New bounds on the independence number of
hypergraphs

Elahe Sharifi1

Nader Jafari Rad2

In this paper we continue the study of independent sets and transversals in
hypergraphs. Hypergraphs are systems of sets. A hypergraph H = (V,E) is a
finite set V = V (H) of elements, called vertices, together with a finite multiset
E = E(H) of subsets of V , called hyperedges or simply edges. The order of H
is n(H) = |V (G)|, and the size of H is m(H) = |E(G)|.
A k-edge in H is an edge of size k. The hypergraph H is said to be k-uniform if
every edge of H is a k-edge. Every (simple) graph is a 2-uniform hypergraph.
Thus graphs are special hypergraphs. The degree of a vertex v in H, denoted
by dH(v), is the number of edges of H which contain v. The minimum and
maximum degrees among the vertices of H is denoted by δ(H) and ∆(H),
respectively. Two vertices x and y of H are adjacent if there is an edge e of
H such that {x, y} ⊆ V (e). Two vertices x and y of H are connected if there
is a sequence x = v0, v1, . . . , vk = y of vertices of H in which vi−1 is adjacent
to vi for i = 1, . . . , k. A connected hypergraph is a hypergraph in which every
pair of vertices are connected. A maximal connected subhypergraph of H
is a component of H. Thus, no edge in H contains vertices from different
components.
A subset T of vertices in a hypergraph H is a transversal if T has a nonempty
intersection with every edge of H. The transversal number τ(H) of H is
the minimum size of a transversal in H. A transversal of size τ(H) is called
a τ(H)-set. Transversals in hypergraphs are well studied in the literature
(see, for example, [2, 3, 5, 6]). A subset of vertices in a hypergraph H is an
independent set if it contains no edge of H. The independence number α(H)
of H is the maximum cardinality of an independent set in H. Independence
in hypergraphs is very well studied (see, for example, [1, 4]).
Clearly, a set of vertices S is an independent set in H if and only if V (H) \ S
is a transversal in H. Thus, the following is obvious.

1Departement of Mathematics, Shahrood University of Technology, Shahrood, Iran.
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Theorem 1. For any hypergraph H of order n, α(H) + τ(H) = n.

Chvátal and McDiarmid [2] established the following upper bound on the
transversal number of a uniform hypergraph in terms of its order and size.

Theorem 2 (Chvátal–McDiarmid Theorem, [2]). For k ≥ 2, if H is a
k-uniform hypergraph of order n and size m, then

τ(H) ≤
n+ bk2cm
b3k

2 c
.

In this paper we improve aforesaid bound for k-uniform hypergraphs of max-
imum degree at least three. Also we characterize all k-uniform hypergraphs
acheiving equality for this bound. For this purpose, we define the infinite
family H of graphs.

Theorem 3. For any hypergraph H of order n, size m and with maximum
degree at least three,

τ(H) ≤
n+ bk2cm− 1

b3k
2 c

.

Equality holds if and only if H ∈ H.
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[6] S. Thomassé, A. Yeo, Total domination of graphs and small transversals
of hypergraphs, Combinatorica 27 (2007) 473–487.

210



4th Seminar on Algebra and its Applications

August 9–11, 2016, University of Mohaghegh Ardabili

New bounds on the independence number of
connected graphs

Elahe Sharifi1

Nader Jafari Rad2

In this paper we study independence number and transversal number in graphs.
Let G = (V,E) be a simple graph with vertex set V = V (G) and edge set
E = E(G). We denote by n(G) and m(G), or just n,m if G is specified, the
order and size of G, respectively. A set S of vertices in a graph G is an inde-
pendent set if no pair of vertices of S are adjacent. The independence number
of G, denote by α(G), is the maximum cardinality of an independent set in G.
An independent set of cardinality α(G) is called an α(G)-set. A vertex covers
an edge if it is incident with the edge. A transversal in G is a set of vertices
that covers all the edges of G. We remark that a transversal is also called a
vertex-cover in the literature. The transversal number of G, denoted by τ(G),
is the minimum cardinality of a transversal in G. A transversal of cardinality
τ(G) is called a τ(G)-set. Clearly, a set of vertices S is an independent set in
G if and only if V (G) \S is a transversal in G. Thus, the following is obvious.

Theorem 1. For any graph G of order n, α(G) + τ(G) = n.

The independence number is one of the most fundamental and well-studied
graph parameters (see, for example, [1, 2, 3, 4, 5]).
Löwenstein, Pedersen, Rautenbach and Regen [7] established the following
lower bound on the independence number of a graph.

Theorem 2 (Löwenstein, Pedersen, Rautenbach and Regen, [7]). If G is a
connected graph of order n and size m, then α(G) ≥ 2

3n−
1
4m−

1
3 .

Henning and Löwenstein [6] showed that if G does not belong to a specific
family of graphs then α(G) > 2

3n−
1
4m. Further, they characterize the graphs

G for which α(G) ≤ 2
3n −

1
4m. For these purposes, Henning and Löwenstein

[6] defined the family G of graphs (see section 2 in [6]).
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Theorem 3 (Henning and Löwenstein, [6]). Let G be a connected graph of
order n and size m. Then the following holds.

a) If G 6∈ G, then τ(G) < 1
3n+ 1

4m and α(G) > 2
3n−

1
4m.

b) If G ∈ G, then τ(G) ≤ 1
3n+ 1

4m+ 1
4 and α(G) ≥ 2

3n−
1
4m−

1
4 .

Our aim in this paper is to present new bound for the independence number of
connected graphs. Our results improve Theorems 2 and 3. Also we character-
ize all connected graphs acheiving equality for this bound. For this purpose,
we define the infinite family H of graphs besed on the family G.

Theorem 4. Let G be a connected graph of order n and size m. Then the
following holds.

a) If G 6∈ H, then τ(G) < 1
3n+ 1

4m−
1
12 and α(G) > 2

3n−
1
4m+ 1

12 .

b) τ(G) = 1
3n+ 1

4m−
1
12 and α(G) = 2

3n−
1
4m+ 1

12 if and only if G ∈ H.

Note that Theorem 4 improves Theorem 3.

References

[1] E. Angel, R. Campigotto, C. Laforest, A new lower bound on the inde-
pendence number of graphs, Discrete Appl. Math. 161 (2013), 847–852.

[2] P. Borowiecki, F. Göring, J. Harant, D. Rautenbach, The potential of
greed for independence, J. Graph Theory 71 (2012), 245–259.

[3] W. Goddard, M.A. Henning, Independent domination in graphs: a survey
and recent results, Discrete Math. 313 (2013), 839–854.

[4] J. Harant, A lower bound on independence in terms of degrees, Discrete
Appl. Math. 159 (2011), 966–970.

[5] J. Harant, D. Rautenbach, Independence in connected graphs, Discrete
Appl. Math. 159 (2011), 79–86.
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On the Energy of graphs: a survey

Najibeh Shahbaznejad1 Fatemeh Sohrabi2 Farshad Kazemnejad3

In this paper we are concerned with simple finite graphs. Let G be such a
graph and let its order be n. If A is the adjacency matrix of G, then the
eigenvalues of A, denoted by λ1, ..., λn, are called to be the eigenvalues of the
graph G. The energy of G is defined as

E(G) =

n∑
i=1

|λi|.

First we obtain Bounds for the energy of a graph, afterwards we determine
some relations between rank, chromatic number and energy of graphs also we
present methods to build graphs with the same energy usually called equiener-
getic graphs. In continue we study in particular the energy of graph for a
specific class of graphs called Cayley graphs.
An important part of Algebraic theory of graph is studing about spectrum of
a graph or spectrum of adjacency matrix of a graph.
A quantity that is dependent on the spectrum of a graph is the energy of a
graph, was presented by Coulson in 1940 to form of an Integral formula for
the first time. After that, Ivan Gutman, defined the energy of a graph as the

E(G) =
n∑
i=1

|λi|

in 1978 and also he proved that this formula is equal to the Coulsonin formula.
The purpose of defining this parameter for a graph is introduction some con-
cepts have been introduced in chemistry.
Consider a molecule with atoms x1, ..., xn. We will consider these atoms as
the vertices of a graph. In graph G two vertices are adjacent if between
the two atoms would have existed Covalent bonds. The resulting graph is
named Molecular graph. If G is a molecular graph, E(G) is the energy of the
π − electron of this molecul. The energy of the complete graph Kn is equal

1najibeh.shahbaznejad@uma.ac.ir
2Fateme Sohrabi63@yahoo.com
3Kazemnejad.Farshad@gmail.com
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to 2(n − 1). Note that, since the adjacency matrix of a graph is a symmetric
matrix with real elements, so the energy of a graph is positive real number.
The complete graph Kn has not maximum energy of the graphs with n vertices.
In 1980, Godsil offered a graph with n vertices that its energy were more than
2(n− 1). Now, we call this graphs, high energy graphs.
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Finiteness dimension and associated primes of local
cohomology modules

Farzaneh Vahdanipour1

Abstract

Let R be a commutative and Notherian ring. In this paper
we study the finiteness dimension and associated primes of local
cohomology modules.

1 Introduction

Throughout tis paper, R will denote a commutative Noetherian ring with iden-
tity and I , J will denote ideals of R. If i ∈ N, we write H i

I(M) for the i-th
local cohomology module of M with respect to the ideal I. We set fI(M) =
inf{i ∈ N |H i

I(M)notfinitelygenerated}. fJI (M) = inf{i ∈ N |JnH i
I(M) 6=

0foralln ∈ N}. λJI (M) = inf{depth(Mp) + ht(I + p/p)|p ∈ spec(R) \ V (J).
We will say that the Annihilator Theorem for local cohomology modules holds
over R if λJI (M) = fJI (M) for every choice of the finitely generated R- mod-
ule M and for every choice of ideals I , J of R. We also say that the local
cohomology modules holds over R if fJI (M) = inf{fJRpIRp

(Mp)|p ∈ Spec(R)
holds for every choice of ideals I , J of R and for every choice of the finitely
generated R-module M .
Faltings establishd that the Annihilator Theorem for cohomology modules
holds over R if R is a homomorphic image of a regular ring or R has a dualiz-
ing complex. Raghavan proved that the local-global principle for the annihi-
lation of local cohomology moduls holds over R if R is a homomorphic image
of a regular ring. Khashyarmanesh and Salarian obtaind that the Annihilator
Theorem and the local-global principle for cohomology modules hold over a
homomorphic image of a (not necessarily finite dimensional) Gorenstein ring.
Also If R is a universally catenary local ring all of whose formal fibers are
Cohen-Macaulay rings, then λJI (M) = fJI (M).

1University of Mohaghegh Ardabili, Farzaneh.vahdani@gmail.com
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Proposition 1. Let i ∈ N be such that Hj
I (M) is finitely generated for all

j < i and let N ⊆ H i
I(M)be a finitely generated submodule. Then, the set

AssR(H i
I(M)/N) is finite.

Theorem 1. Let i ∈ N be such that Hj
I (M) is finitely generated for all j < i.

Then the set AssR(H i
I(M)) is finite.

Corollary 1. If i ≤ fI(M), then AssR(H i
I(M)) is a finite set.

Proposition 2. Let M be a finitely generated R-module such that M 6= IM .
Then AssR(HgradeM I

I (M)) is finite.

Remark 1. For a finitely generated R-module M , we have H i
I(M) = 0 for all

i > dim(M) by Grothendieck’s vanishing Theorem and AssR(H
dim(M)
I (M)) is

finite because H
dim(M)
I (M) is Artinian.

For an R-module M , the cohomological dimension of M with respect to I is
defind as cd(I,M) = sup{i ∈ Z|H i

I(M) 6= 0}.

Theorem 2. Let M be a finitely generated R-module such that cd(I,M) =
t ≥ 1. Then Ht

I(M) is not finitely generated and AssR(Ht
I(M)) is finite.
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On the essential extension of submodules

Rezvan Varmazyar1

Abstract

Let U be an extension of an R-module M . Then U is said to be
an essential extension of M if for every nonzero submodule K of U ,
K ∩M 6= 0. In this paper, we show that for every submodule N of a
torsion-free R-module M , EM (N) :=< ∪r∈R(rM ∩ (N :M r)) > is an
essential extension of N .

1 Introduction

Throughout this paper, every ring is a commutative ring with identity and
every module is a unitary module over a ring.

Theorem 1. For every proper submodule N of an R-module M , the following
are equivalent:
(a) EM (N) = N .
(b) N is semiprime.
(c) For each r ∈ R,m ∈M with rtm ∈ N for some positive integer t, rm ∈ N .

Theorem 2. Let M be an R-module such that for any ideals a, b of R, (a ∩
b)M = aM ∩ bM . If N is an irreducible and weakly semiprime submodule of
M , then (N :R M) is a prime ideal of R.

Theorem 3. Let M be a torsion-free module over an integral domain R. Then
the following are true.
(1) For every submodule N of M , EM (N) is an essential extension of N .
(2) For every divisible submodule N of M , EM (N) = N and EM (N) is the
injective envelope of N .
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The extended zero divisor graph of commutative
rings

Jafar Yekani1

In this paper all rings are commutative with identity. In our case two nonzero
distinct zero divisors x and y of a commutative ring R are adjacent whenever
there exist two nonnegative integers n and m such that xnym = 0 with xn 6= 0
and ym 6= 0.

Theorem 1. Let R be a ring. The following statements are equivalent:

1. Γ̄(R) = Γ(R).

2. R satis es the two following conditions:

(i) if Nil(R) 6= {0}, hen every nonzero nilpotent element has index 2,
and

(ii) For every x ∈ Z(R) \Nil(R), Ann(x2) = Ann(x).

3. R satis es the two following conditions:

(i) if Nil(R) 6= {0}, then every nonzero nilpotent element has index 2,
and

(ii) For every x ∈ Z(R),
√
Ann(x) \Nil(R) ⊂ Ann(x).

To prove this theorem, we need the following lemma.
Recall that, for a nonzero nilpotent element x of R, we use nx to denote the
index of nilpotency of x.
Lemma 1. Let R be a ring and let x ∈ R \ {0}. Then:

1. If x is nilpotent, then Ann(x) ( Ann(xn) for every integer n ≥ 2.

2. If x is not nilpotent, then we have the equivalence:
Ann(x2) = Ann(x) if and only if Ann(xn) = Ann(x) for every integer
n ≥ 2.

Theorem 2. Let R be a ring. Then Γ̄(R) is connected with diam(Γ̄(R)) ≤ 3.
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Now we determine some situations where diam(Γ̄(R)) ≤ 2.
In the following result, as an analog of [4,Theorem 2.5], we characterize when
Γ̄(R) has a vertex adjacent to every other vertex (i.e. when Γ̄(R) has a span-
ning tree that is a star graph).
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Isomorphism classes of ultra-groups

Parvaneh Zolfaghari1

In the present paper, the new notation ultra-group HM which depends on the
group G and its subgroup H have been defined . The aim of this paper is to
construct the homomorphism of ultra-groups and we develop a technique to
calculate the isomorphism classes of ultra-groups. Finally, we can determine
a list of the isomorphism classes of all finite abelian ultra-groups.
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